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Chapter 1 
Introduction 
1.1 Background 
In the last few years there has been much study of black holes. They are expected to 
be an important source of gravitational waves. The LIGO and VIRGO interferom-
eters should begin taking data later this decade [5], and sensitive bar detectors are 
already on line and will improve [40]. At the same time computer power is increasing 
dramatically, permitting well resolved numerical simulations of axisymmetric black 
holes and the first 3D simulations of black holes. Collectively this work will lead 
ultimately to numerical simulations of 3D spiraling, coalescing black holes, which will 
be essential to interpreting the gravitational waveforms expected to be detected. 
Astrophysical black holes in the universe are expected to possess angular momen-
tum, yet due to the difficulty of black hole simulations most numerical calculations of 
vacuum black hole initial data sets, such as those discovered by Bowen and York [19] 
nearly 15 years ago, have not been attempted until now. (Recently, however, rotating 
matter configurations have been successfully collapsed to the point where a horizon 
forms [2, 57].) Rotation adds a new degree of freedom in the system, complicating 
matters significantly. Even in the stationary case, the Kerr solution is much more 
complex than the Schwarzschild solution. As all black hole systems with net angular 
momentum must eventually settle down to a perturbed Kerr spacetime, it is essential 
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to develop techniques to study distorted rotating black holes numerically. 
Such studies are interesting not only because they allow one to examine the non-
linear evolution of distorted, rotating single black holes, but also because they should 
be useful in understanding the intermediate and late coalescence phase of the general 
collision of two rotating black holes, as both cases correspond to highly distorted Kerr 
spacetimes. This parallel between distorted single black holes and the collision of two 
black holes was striking in the non-rotating case (1, 10, 11], and we expect the same 
to be true for the rotating case. 
In a series of papers from which this thesis was compiled (20, 21, 22], we show 
how one can construct and evolve vacuum, distorted, rotating black holes. In this 
thesis we present details of a numerical code designed to evolve rotating black hole 
initial data sets, such as Kerr, Bowen and York (19], and a new class of data sets we 
have developed (22]. The numerical scheme and code used in this work are based on 
an extension of earlier work at NCSA (16, 15, 1, 8] on distorted, but non-rotating, 
axisymmetric black holes. With such a code we can now study the dynamics of 
highly distorted, rotating black holes, paralleling recent work of the NCSA group on 
non-rotating holes (8, 16]. 
Rotating black holes can be highly distorted, allowing one to study their nonlinear 
dynamics. These studies will be useful not only in understanding rotating black hole 
spacetimes, but also in studying the late stages of black hole collisions with angular 
momentum, just after the holes have coalesced. At that time they will have formed 
a single, highly distorted rotating hole similar to the configurations studied here. 
In analyzing these rotating black hole evolutions, we have developed a series of 
tools that allow us to study gravitational waves, apparent horizons, and other quanti-
ties of interest. Using these tools we have extracted the waveforms for both the even-
and odd-parity radiation emitted by a distorted rotating black hole, and we find that 
the quasinormal modes of the hole are excited. The extracted waveforms are also used 
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to compute the energy carried away from the black hole via gravitational waves. Vve 
locate and study the geometry of the apparent horizons in these spacetimes, and find 
that their geometric structure can be used as a key tool in analyzing the evolution. 
We show how to extract information about the oscillation frequency, the mass, and 
the angular momentum of the black hole. 
1.2 3+1 formalism 
We use the well known ADM (12] formulation of the Einstein equations as the basis 
for our numerical code. Pertinent details are summarized here, but we refer the reader 
to (60] for a complete treatment of this formalism. In the ADM formalism spacetime 
is foliated into a set of non-intersecting spacelike surfaces. There are two kinematic 
variables which describe the evolution between these surfaces: the lapse a, which 
describes the rate of advance of time along a timelike unit vector nJ.L normal to a 
surface, and the spacelike shift vector {JJ.L that describes the motion of coordinates 
within a surface. The choice of lapse and shift is essentially arbitrary, and our choices 
will be described in section 6.1 below. 
The line element is written as 
( 1.1) 
where {ab is the 3-metric induced on each spacelike slice. Given a choice of lapse 
a and shift vector {Jb, the Einstein equations in 3+ 1 formalism split into evolution 
equations for the 3-metric {ab and constraint equations that must be satisfied on any 
time slice. The evolution equations, in vacuum, are 
-2ai<ij + Vi{Jj + 'Vj{Ji (1.2a) 
-Vi'Via+a(Ri+K Kii-2Kimi<j) + 
{Jm'Vm[{ij + [{im 'Vj{Jm + Kmj'Vi{Jm, (1.2b) 
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where Kij is the extrinsic curvature of the 3-dimensional time slice. The Hamiltonian 
constraint equation is 
2 . . 
R + K - K'1 Kii = 0 (1.3) 
and the three momentum constraint equations are 
(1.4) 
Note that in the above, K = Kij/ij, f3i = (Ji /ij, and \7 i is the covariant three-space 
derivative. As we discuss in section 4, the constraint equations are used to obtain the 
initial data, and the evolution equations are used to advance the solution in time. 
1.3 Definition of Variables 
We build on earlier work of Ref. [8, 16] in defining the variables used in our code. 
Additional metric and extrinsic curvature variables must be introduced to allow for 
the odd-parity modes present now that the system allows for rotation. We define the 
variables used in our evolutions as follows: 
A C 
/ij C B (1.5a) 
Esin2 8 FsinB 
and 
W4 H;; = W4 ( (1.5b) 
In these expressions 'f} is a logarithmic radial coordinate, and ( 8,¢) are the usual 
angular coordinates. The relation between 'f} and the standard radial coordinates 
used for Schwarzschild and Kerr black holes is discussed in section 4. As in Ref. [8], 
the conformal factor \[1 is determined on the initial slice and, since we do not use 
it as a dynamical variable, it remains fixed in time afterwards. The introduction of 
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W into the extrinsic curvature variables simplifies the evolution equations somewhat. 
For the purposes of our numerical evolution we will treat A, B, D, F, all six H 's, 
and all three components of the shift as dynamical variables to be evolved. Two of 
the shift components are used to eliminate metric variable C (this will be discussed 
in section 6.1.2), and one shift component is used to eliminate E . The various factors 
of sinO are included in the definitions to explicitly account for some of the behavior 
of the metric variables near the axis of symmetry and the equator. 
Within this coordinate system, the ADM mass and angular momentum about the 
z-axis are defined to be (49] 
(1.6a) 
(1.6b) 
In terms of the variables defined in this thesis these expressions yield 
(1. 7a) 
J (1. 7b) 
Originally, the ADM mass and energy formulae were derived by considering a Hamil-
tonian formulation of the dynamics in the asymptotic region of a spacetime. Practi-
cally, the momentum (or energy) of a spacetime may be obtained by properly making 
a vector (or scalar) quantity formed from a surface integral. It may be normalized by 
computing its value at an asymptotically large value of r for the Kerr metric. 
Because of this, the variable HE is extremely important. It determines whether 
angular momentum is present in the spacetime. Although the ADM mass is defined 
strictly only at spatial infinity / 0 , in practice we evaluate it at the edge of the spatial 
grid. As we use a logarithmic radial coordinate ry, this is in the asymptotic regime. 
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While the angular momentum is, in principle, also measured at [ 0 , the presence of the 
azimuthal Killing vector makes it possible to evaluate J at any radius (see Appendix 
A). We compute this quanti~y during our evolution and use it as a test of the accuracy 
of our code. This will be discussed in a later section. 
6 
Chapter 2 
Constructing Distorted, Rotating 
Black Holes 
2.1 Anatomy of a Kerr Black Hole 
We begin by writing the Kerr metric in Boyer-Lindquist form (46): 
grr (K) 0 
( 
9tt~(K) 0 0 9t¢~(K) ) 
g(K) 
J-LV 0 9BB(K) 
9t¢ (K) 0 0 9¢¢ (K) 
g~;.<:) P2 I~ 
(K) 
9oo 
(K) 
9tt 
(K) 
9t¢ 
(K) 
9,p,p 
p2 
( a2 sin2 (} - ~) I p2 
-2amr sin2 (} I p2 
( (r2 + a2 ) 2 - ~a2 sin2 (}) sin2 (}I l 
r
2
- 2mr + a2 
(2.1) 
where m is the mass of the Kerr black hole, a is the angular momentum parameter 
(momentum per unit mass), and a superscript (K) denotes the Kerr spacetime. 
To clarify the features of this spacetime, we employ what is called a "Kruskal 
diagram" [41, 25). The Kruskal diagram maps the coordinates r and t to new ones 
using a mathematical trick that allows infinite values of r and t to be mapped to 
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finite values of the new coordinates. This is essentially the same trick that allows us 
to map the real line coordinate x to a coordinate () with finite values via the relation 
x = tan (). As x goes to infinity, () goes to 1r /2. 
However, in addition to bringing spatial infinity to a finite value, the "Kruskal" 
coordinates make the paths of radial null geodesics (i .e. photons) into straight lines 
with a 45 degree angle. Using this type of coordinate system enables one to see the 
essential features of the spacetime. We will not supply the details of the "Kruskal" 
coordinate diagram, for that refer to the paper by Carter [25]. 
First we will consider the Schwarzschild or a = 0 Kerr spacetime depicted in 
2.1. The region exterior to the black hole is labeled with the words "You Are Here." 
Any photons traveling radially away from the black hole will approach "future null 
infinity." This region may be thought of as the limit defined by t + r -t oo and 
t- r = constant. Likewise, "past null infinity" is defined by the limit t + r = constant 
and t - r -t - oo . 
The event horizon of the black hole is the region bounded causal past (i.e. any-
where that photons could reach by going backward in time) of any point arbitrarily 
near future null infinity, and is marked with a solid black line. Remember, photon 
paths always travel at 45 degrees in Kruskal diagrams, so no photon which has future 
null infinity as its limit can have been launched from inside the upper triangle in the 
diagram (the region inside the black hole event horizon). 
The lower triangular region is called a white hole for analogous regions. No pho-
tons launched radially inward from a point arbitrarily close to past null infinity can 
ever enter the white hole horizon. Note that while all of spacetime can be affected by 
the singularity in the past, nothing can be affected by the future singularity. 
For the moment, ignore the labels "Upper Sheet" and "Lower Sheet" in the dia-
gram. These will be explained later. 
A spacetime with even a slight amount of angular momentum will have a radically 
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r=m, black hole 
event horizon 
~ 
Singularity / / t 
Future 
Null Infinity 
Past 
Lower Sheet 
of Wormhole 
Embedding 
Null Infinity 
r=oo, t=-oo 
r~m. white ~ole Singularity 
event horizon 
Upper Sheet 
of Wormhole 
Embedding 
Kruskal Diagram for Schwarzschild 
Future 
Null Infinity 
r=oo, t=-oo 
Figure 2.1: The Boyer-Lindquist coordinates are mapped to a new radial coordinate 
7/J and new time coordinate e. Moving upward through the figure (in the direction of 
increasing 7/J) takes one forward through time. 
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different Kruskal diagram. It is drawn in Fig. 2.2 (Note that the addition of a small 
amount of angular momentum to an existing Schwarzschild black hole is not expected 
to cause this bifurcation. We are comparing parameter spaces of stationary black 
holes and not evolutions of dynamic black holes). Spacetime explodes into an infinite 
patchwork of regions, which we (following Carter [25]) label I, II, and III. The region 
labeled "You are Here" looks remarkably similar in the Kruskal diagram to the non-
rotating case. 
Unlike the Shwarzschild case, it is possible for photons that are directed radially 
inward to miss the singularity. In Schwarzschild, the singularity is a point, in Kerr it 
is a ring. If a photon travels through the ring it arrives in a universe with negative 
mass ((r, m)-+ ( -r, -m) leaves the metric unchanged). 
A spacetime with a = m has yet a different complexion 2.3. Region II disappears, 
but things are otherwise similar. Finally, if a > m the event horizon disappears and 
there is only a single diamond shaped region extending from r = -oo tor= oo. The 
singularity remains, however, dividing the two regions and photons originating on it 
can potentially reach any point in spacetime. 
2.2 Kerr in 3+1 
We would like to put the Kerr metric in 3+ 1 formalism in a form that is free of 
coordinate singularities, and that has properties similar to the form used in the non-
rotating black hole studies [8, 15, 16]. Generalizing the transformation used in Ref. [8, 
15, 16] we define a new radial coordinate ry through 
r r + cosh2 (ry/2)- r _ sinh2 (ry/2), 
m±v'm2 -a2 . 
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(2.2a) 
(2.2b) 
I 
Singularity, 
only reached 
if geodesic goes 
through e=O 
I 
horizon 
Infinite 
Future 
(:::oo 
Infmite 
Past 
t:::-oo 
Past Null 
Infinity 
t=-oo r=oo 
Spatial 
Infinity 
r=oo 
r=rn+b 
white hole 
Figure 2.2: The Boyer-Lindquist coordinates are mapped to a new radial coordinate 
'1/J and new time coordinate e. Moving upward through the figure (in the direction of 
increasing '1/J) takes one forward through time. 
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I 
Singularity, 
only reached 
if geodesic goes 
through e=O 
I 
horizon 
lnfmite 
Future 
t=oo 
Infmite 
Past 
t=-oo 
Spatial 
Infmity 
r=oo 
Figure 2.3: The Boyer-Lindquist coordinates are mapped to a new radial coordinate 
7/J and new time coordinate e. Moving upward through the figure (in the direction of 
increasing 7/J) takes one forward through time. 
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With this transformation the spatial part of the Kerr metric can be written as 
(2.3) 
where 
g~~) / sin2 () (2.4a) 
(K) (dr) 2 _ (K) 
9rr dry - 9oo (2.4b) 
Thus we see that our coordinate transformation (2.2) has resulted in a "quasi-isotropic 
gauge" [34] for the Kerr spacetime. Notice also that if a = 0 then q0 = 0 and 
we recover the Schwarzschild 3-metric. This metric is now in the form used in the 
previous NCSA black hole studies [1, 8, 15, 18], although here the functions q0 and 
\]! 0 are determined by the Kerr spacetime. 
One may check that the 3- metric defined by Eq. (2.3) is invariant under the 
transformation 7J -+ -ry, i.e., there is an isometry operation across the throat of an 
Einstein-Rosen bridge located at 7J = 0, just as in the Schwarzschild spacetime [17]. 
This construction has two geometrically identical sheets connected smoothly at the 
throat (The throat is located at 7J = 0. Note that these throats live in separate dia-
monds in Kruskal space, see Fig. 2.1) . In terms of the more familiar radial coordinates, 
this condition can be expressed as 
where r is a generalization of the Schwarzschild isotropic radius, defined as 
Jm2- a2 
----eTI 2 . 
r is related to the usual Boyer-Lindquist radial coordinate via 
r _ ( m +a) ( m- a) r 1+ 1+ . 2r 2r 
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·. 
(2.5) 
(2.6a) 
(2.6b) 
Note that in the Kerr spacetime the horizon, located at r = m + Jm2 - a2 , is at 
f = Jm2 - a2 /2 in the f coordinates, or at 1J = 0, just as in previous studies of 
the Schwarzschild spacetime [17]. The isometry condition 7J --+ -1] will be used in 
the construction of more general initial data sets to be described below, and is also 
imposed during the evolution as well [21]. 
The 3-metric, however, comprises only half of our initial data. The extrinsic 
curvature on the initial slice is required as well, and for the Kerr spacetime it is given 
by the equations 
am (2r2 (r2 + a 2) + p2 (r2 - a2 )) sin2 () p-4 
-2a3mr/:11/ 2 cos() sin3 () p-\ 
(2.7a) 
(2.7b) 
where we note that [{ij = W02 kij, and all extrinsic curvature components excepting 
the two listed are zero. 
One can show that this metric and extrinsic curvature satisfy the both the Hamil-
tonian constraint 
2 .. 
R + [{ - Kt1 [{ii = 0 (2.8) 
and the three momentum constraints 
(2.9) 
as they must. 
Finally we must specify the lapse and shift to complete the system for evolution. 
The choices that make the stationary nature of this Kerr spacetime explicit are: 
(2.10) 
and 
(2.11) 
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We have now written the Kerr spacetime in 3+ 1 form, in a coordinate system 
like that used to evolve the nonrotating distorted black holes in previous work. This 
is a stationary spacetime, and it can be evolved using a dynamic slicing condition 
just as the Schwarzschild spacetime has been evolved using maximal and other slicing 
conditions. But just as in the case of Schwarzschild, we can distort this rotating black 
hole with a gravitational ("Brill") wave and study its response. 
We accomplish this by adding a free function q( ry, 0) to the conformal 3-metric 
m Eq. (2.3), just as in Ref. [15]. Then the conformal factor W0 , which is a solu-
tion only for the stationary Kerr spacetime, will no longer satisfy the Hamiltonian 
constraint (2.8). Instead we must solve this constraint equation for the general con-
formal factor W as we discuss below. This generalization results in a 3-metric with 
the following form: 
(2.12) 
Apart from the function q0 this is the same 3-metric used for the non-rotating dis-
torted black hole spacetime. This illustrates the fact that unlike the Schwarzschild 
spacetime the undistorted Kerr spacetime is not conformally fiat (R # 0, where R is 
the scalar curvature of the conformal part of the 3-metric). We may, in fact, make 
the spacetime conformally fiat by adding a "Brill wave" [19] specified by q = q0 • This 
distorts the Kerr black hole, which breaks the stationary nature of the spacetime. As 
we will show below, appropriate choices of this function q (along with appropriate 
solutions to the momentum constraint for the extrinsic curvature terms) can lead also 
to Schwarzschild, the N CSA distorted non-rotating black hole (as in Ref. [15]), the 
Bowen and York rotating black hole [19], or a distorted Bowen and York black hole. 
The function q, representing the Brill wave, can be chosen somewhat arbitrarily, 
subject to symmetry conditions on the throat, axis and equator, and falloff conditions 
at large radii [15, 20]. The function q will be chosen to have an inversion symmetric 
15 
(i.e., symmetric under T/ -r -ry) Gaussian part given by: 
q 
Qo ( e-s+ + e-s-) ' 
(ry ± T/o)2 /0"2. 
(2.13a) 
(2.13b) 
(2.13c) 
This form of the Brill wave will be characterized by several parameters: Q0 (its 
amplitude), O" (its width), T/o (its coordinate location), and n, specifying its angular 
dependence, which · must be positive and even. We note that Eqs. (2.13) simply 
provide a convenient way to parameterize the initial data sets, and to allow us to 
easily adjust the "Brill wave" part of the initial data. Many other devices are possible. 
To narrow the field of study in the initial data study we restrict ourselves to sets 
characterized by n = 2, and T/o = 0 for all data sets, and will commonly use O" = 1.5 
With this form of the Brill wave function q, a number of black hole data sets 
can be constructed. As discussed above, given the appropriate extrinsic curvature 
choice, the stationary Kerr solution results if q = 0. For other choices the Bowen 
and York form results if q = q0 , a distorted Bowen and York spacetime can be made 
by setting q = sinn Bqa + q0 , and a distorted Kerr spacetime can be made by setting 
q = sinn Bqa. Furthermore, for spacetimes without angular momentum this metric 
form contains both the NCSA Brill wave plus black hole spacetimes and, as we will 
see below, a new black hole spacetime corresponding to odd-parity distortions of the 
Schwarzschild spacetime. 
As a consequence of this generalization of the metric, we must now solve both the 
Hamiltonian and momentum constraints. The Hamiltonian constraint equation (2.8) 
can be expanded in coordinate form to yield 
16 
- W (~ (q - qo) + ~ (q - qo)) 
4 87]2 8()2 
w-7 
--- (il 2 sin2 e + H2 ) 4 E F ' (2 .14) 
where we have assumed the initial slice is maximal, i.e. tr [{ = 0. There are in 
principle three momentum constraints to be satisfied by the extrinsic curvature com-
ponents. However, in our spacetimes we require a "time-rotation" symmetry about 
the initial slice, or invariance of the metric under (t, ¢) ---+ ( -t, -¢) . Writing the 
extrinsic curvature tensor as · 
K .. _ >Tt-2HA .. _ ,T,-2 ( 1J - ~ 1J- ~ 
flA He 
He flB 
HE sin2 e ifF sine 
(2.15) 
this time-rotation symmetry requires that flA = flB = He = Hn = 0, leaving only 
HE and ifF to be determined. This also automatically makes the initial slice maximal. 
Under these conditions the only nontrivial component of the momentum con-
straints is the ¢ component: 
• A 3 (A 2) 8.,HE sin e + 8o HF sin e = 0. (2.16) 
Note that this equation is independent of the functions q and q0 . This enables us to 
choose the solutions to these equations independently of our choice of metric pertur-
bation. 
At this point we may regard Eqs. (2.12-2.16) as defining the problem we wish to 
solve. The boundary conditions for these equations, which are extensions of those 
used in Ref. [15], may be summarized as: 
Isometry Conditions: Across the throat of the black hole, labeled by 7] = 0, we 
can demand a condition that the spacetime has the same geometry as TJ ---+ -7]. We 
can require this not only for the initial data, but also throughout the evolution of 
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the spacetime. This condition may be stated in one of two ways (in axisymmetry) 
to allow for different slicing conditions. Each choice must result in a symmetric I<11 ,p 
and an anti-symmetric /{710 to be consistent with the Kerr solution. Thus, the form of 
the isometry condition must be different for the symmetric and anti-symmetric lapse 
spacetimes: TJ --+ -ry for the former, ( TJ, <P) --+ ( -ry , -<P) for the latter. 
·If a lapse that is anti-symmetric across the throat is desired, the metric elements 
with a single TJ index are anti-symmetric across the throat, while those with zero or 
two indices are symmetric. The extrinsic curvature components have the opposite 
symmetry of their corresponding metric elements. The shift {3 71 is anti-symmetric 
across the throat, while all other shifts are symmetric. 
If a symmetric lapse is desired, the metric elements with a single TJ index or single 
<P index (but not both) will be anti-symmetric at the throat and all others will be 
symmetric. Extrinsic curvature components will have the same symmetries as their 
corresponding metric elements. The {3 71 and f3<P shifts will be anti-symmetric, and the 
{3° shift will be symmetric. With these symmetries enforced, the initial data and all 
subsequent time slices will be isometric across the throat. One can verify that all 
Einstein equations respect these symmetries during the evolution if they are satisfied 
initially. 
Symmetry Axis: All metric elements, extrinsic curvature components, and shift com-
ponents with a single () index are anti-symmetric across the axis. The remainder are 
symmetric. 
Equatorial Plane: At the equator there are two possible symmetries, the Kerr symme-
try and the "cosmic screw" symmetry (see section 2.6 below) . For the Kerr symmetry, 
() --+ 1r- B, all metric components, extrinsic curvature components or shifts with a 
single () index are anti-symmetric. The remainder are symmetric. For the cosmic-
screw type boundary conditions the symmetry at the equator is ( (), <P) --+ ( 1r - (), -<P) 
and those metric elements, extrinsic curvature components, or shift components that 
18 
contain one () or one <P index (but not both) are anti-symmetric. The remainder are 
symmetric. 
Outer Boundary: At the outer boundary a Robin condition is used for W. This con-
dition gives the correct asymptotic behavior in the conformal factor to order r- 2 . For 
the metric given in the form (2.12) W has the form W = e1112 + (m/2)e-11 / 2 + ... and 
therefore obeys the differential equation W + 2811 W = 2e1112 • The conformal factor is 
always symmetric at the throat, axis, and equator. 
With this description of the problem and boundary conditions, we summarize a 
number of families of rotating black hole solutions that are possible in this formulation: 
2.3 Kerr and Distorted Kerr 
As shown above, Eqs. (2.12-2.16), together with the boundary conditions, are satisfied 
by the stationary Kerr spacetime with the transformations (2.2-2.7). In Eq. (2.12), 
this spacetime corresponds to q = 0, but as we have mentioned above, we may add a 
Brill wave function q = sinn Oqa to distort the Kerr spacetime. If one evaluates the 
expressions for the angular momentum and ADM mass (Eq. (1.7a) and Eq. (1.7b)) for 
the undistorted Kerr spacetime, (q = 0), one recovers the expected results MADM = m 
(which should be evaluated at TJ = cx::>) and J =am (which may be evaluated at any 
radius in axisymmetry). In practice, we evaluate mat the outer edge of our grid, and 
J is simply an input parameter. We have evaluated and verified J at various radii, 
as reported in previous work [20]. 
2.4 D istorted Bowen and York 
Perhaps the simplest nontrivial choice of solution for the momentum constraint is 
given by the Bowen and York [19] solution 
He = 3J (2.17a) 
19 
(2.17b) 
where J is the total angular momentum of the spacetime. This solution clearly 
satisfies the momentum constraint. In the language of this thesis, the original Bowen 
and York solution has a Brill w·ave function determined by 
q = qo, (2.18) 
i.e., it is conformally flat, but we may distort it by setting 
(2.19) 
This is the solution we often use in constructing distorted rotating black hole space-
times, and a number of them have been evolved and discussed in Ref. (21]. It is 
somewhat simpler to construct than the distorted Kerr because we can choose our 
total angular momentum and distortion parameters without needing to know the ra-
tio Jfm2 (an additional value that we would need to initialize the Kerr momentum 
solution). Knowing this parameter would require us to know the value m, and we will 
not know that parameter until after we solve the Hamiltonian constraint. It is possi-
ble, in principle, to iterate between guesses for the parameter J jm2 and solutions for 
the Hamiltonian constraint until arriving at a correctly initialized Kerr momentum 
solution. 
We noted above that the Kerr solution is not conformally flat, while the Bowen 
and York solution is conformally flat. Therefore one can consider adding a Brill wave 
to the Kerr solution, making it a conformally flat Bowen and York solution. One can 
study the form of the wave functions q and q0 to understand what sort of Brill wave 
is required to "flatten" the Kerr solution. By equating the series expansions of q0 and 
our Brill wave function (c. f. Eq. (2.4b)) 
(2.20) 
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to second order in 17 and 8, one obtains relationships between the wave shape param-
eters a 1 , a 2 , 0"1 , and 0"2 and the Kerr parameters a and m. These may be written as 
follows 
b- m 1 I 4m
2 I 
b + m + og ( b + m) 2 (2.21a) 
b- m 1 1 I 4m2 I 
- b + m- 2 og (b + m) 2 (2.21b) 
8m2 (b+m) 8m2 (b+m)2 1 I 4m2 I 
- b2 ( b + 9m) + b2 ( m - b)( b + 9m) og ( b + m) 2 (2.21c) 
2m(m+b) _ m(m+b)2 10 I 4m2 I 
b(m-b) b(m-b)2 g (b+m)2 (2.21d) 
where b = ,.Jm2 - a 2 . It turns out that for ajm < .9 we find that the sin2 8 term 
dominates the sin4 e term, and 0"1 varies in value from 1.26 to 1.7 for rotation param-
eters 0.01 ::; ajm ::; 0.8 . Furthermore the amplitude a 1 varies smoothly from zero to 
about 0.38 for all rotation parameters 0 ::; ajm ::; 1. We conclude that the Bowen and 
York distortion is similar to a low amplitude n = 2, O" = 1.5 Brill wave distortion on a 
Kerr black hole, which is quite similar in shape and size to the distorted, non-rotating 
black holes evolved previously [1 ]. 
To get a feel for the difference between the q0 function and its approximation, 
qapprox , we calculated the ADM value of a/ MADM as we would for the Kerr spacetime, 
except that we used qapprox instead of q 0 in the metric. We found that the error in 
a/ MADM was less than 1%, even for ajm = 0.9. 
2.5 Odd-parity Distorted Schwarzschild 
Odd-parity gravitational modes, as defined by Regge and Wheeler [51], are metric 
• 
perturbations with parity ( -1 )l+1 where e is the angular index of the tensor spherical 
harmonic describing the wave. These modes, in axisymmetry, are formed only from 
perturbations in 9r4> and ggq,. The evolution of these modes does not couple linearly to 
the even-parity modes, and if there is no odd-parity disturbance on the initial slice of 
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the spacetime these modes are never excited even when the full non-linear equations 
are used. 
We can create odd-parity distorted non-rotating spacetimes simply by finding 
solutions to the momentum constraint equation (2.16) which drive the evolution of 
go¢>, which satisfy the boundary conditions, and yield J = 0 when the integral given 
in Eq. ( 1. 7b) is performed. 
As a framework for momentum solutions, we consider the simple class defined 
by: 
JI(O) + h(TJ) (4 cosO h(O) + sin08oh(O)) 
-811 h(TJ) sin2 0 h(O). 
(2.22a) 
(2.22b) 
This solves the momentum constraint where f 1 , h and h are arbitrary functions 
which satisfy the following symmetries: 
!1(0) 
h(O) 
h(TJ) 
lim h(TJ) 
1)-+00 
!1 ( -0) = !1 ( 7f - 0) 
-h(-0) = -h(7r- 0) 
h(-TJ) 
0 
(2.23a) 
(2.23b) 
(2.23c) 
(2.23d) 
The Kerr solution is not a member of this class, but the Bowen and York solution 
does fit within it (!1 = 3J, h = h = 0) . 
Note that any spacetime with f 1 = 0 will have zero angular momentum, as HE 
falls off for large values of the radial coordinate TJ, and furthermore the angular part 
of the integral in Eq.(l. 7b )is identically zero by construction. We require h to go to 
zero only so that we can make the spacetime asymptotically Kerr. 
We now turn to a solution that has no net angular momentum, but one that is not 
time symmetric about the initial slice. This solution corresponds to a "Schwarzschild" 
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black hole with both even- and odd-parity distortions . This generalizes the NCSA 
Brill wave plus black hole spacetimes [18], which allowed only even-parity distortions. 
For this we choose the extrinsic curvature components such that f 1 = 0, h = q(;, 
and h = cos () sin n'-3 (). In order to obey symmetry and regularity conditions, n' 
must be odd and have a value of at least 3 (This was arranged to be suggestive of 
a radiation £-mode. Using n = 3 gives almost pure l = 3, while using n = 5 gives 
almost a pure l = 5 component [21].) . 
As this data set contains the odd-parity polarization of the gravitational wave 
field, but no angular momentum, it is simpler to evolve than than the rotating black 
holes described above, but has richer physical content than the standard Brill wave 
plus black hole data sets . A few of these data sets have been evolved and discussed 
in section 7.3, where both even- and odd-parity waveforms were extracted. 
2.6 Cosmic Screws 
There is another solution related to the odd-parity distorted Schwarzschild data set 
discussed above. While that data set has equatorial plane symmetry, we can alterna-
tively construct a solution that has something like an opposite sense of rotation below 
the equatorial plane. As discussed above, this symmetry is ( (), <P) --+ ( 1r - (), -<P), thus 
A A 
requiring HE to be antisymmetric and Hp to be symmetric across the equator. 
Axisymmetric data sets describing the collision of two counter-rotating black holes 
have been dubbed "cosmic screws." As our data sets contain only one black hole, it 
can be considered to represent a later stage of evolution of cosmic screws, where the 
holes have already merged. Such data sets should be useful in studying the late time 
behavior of colliding spinning black holes, and will be evolved in a future paper. The 
formalism of the previous section carries over, but now the symmetry conditions on 
the equator are reversed: j 1(()) =-j 1(1r- ())and h(()) = h(1r- ()). 
With these considerations in mind, we see that ft = 3J cos(), and h = h = 0 
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is suggestive of a cosmic screw spacetime (in this case we do not claim that J is 
an angular momentum, but use this notation because it is suggestive of the angular 
momentum of one of the colliding black holes in a cosmic-screw spacetime). 
We can also choose f 1 = 0, h = q~, and h = sinn'-2 B which is similar to our 
odd-parity distortion of Schwarzschild except that the equatorial boundary conditions 
are like those of the cosmic screw. Here n' should be even and have a value of at least 
2 in order to obey symmetry and regularity requirements. 
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Chapter 3 
Limits on the magnitude of Brill 
Wave Amplitudes 
Cantor and Brill (24] showed that for a certain class of spacetimes there are limits on 
the value of the amplitude of the Brill wave in a spacetime with topology R3 • Their 
basic technique can be applied to these rotating black hole spacetimes, which have 
topology R x S 2 • We present a simplified version of this analysis. 
The strategy is to derive an inequality that contains an arbitrary function j, but 
does not explicitly contain the conformal factor W, and which requires asymptotic 
flatness of the spacetime as one of its conditions for validity. We use the freedom in 
f to locate Brill wave parameter spaces which fail to satisfy the inequality. When 
the inequality fails, it is then clear that the assumption of asymptotic flatness has 
been violated, and the value of the input Brill wave parameters which specify it are 
outside our domain of interest. 
For this section, we define the metric as 
(3.1) 
Brill started by considering the volume integral 
(3.2) 
where f = u~, and where u or f is an arbitrarily chosen function. We can expand 
the above integral for f in terms of u and ~' and also the Hamiltonian constraint , 
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Eq. (2.8) to obtain: 
\lf·\lf 
v. ( u2~v~)- u2~~~ 2u~vu. v~ + u2V~. v~, 
J dVVJ. Vf > f u2~V~. dS + J dVu2~W, 
f u2~V~ · dS-
~ j dVu2 (w2R+ k iij{iiw-6 ), 
> f u2~V~ · dS- ~ j dV p k 
(3.3b) 
(3.3c) 
(3.3d) 
(3.3e) 
We have now obtained both a surface and a volume piece for the integral. Because 
we want a final equation which does not include ~, we have discard the terms under 
the integral which contained it explicitly after our transformation. Since these terms 
are manifestly positive, the remainder must be less than our original integral. We 
now have an inequality. Next we require that ~ not vanish (this is only necessary if 
we have non-zero extrinsic curvature), is finite, and that Vu go to zero faster than 
r-3/2. 
To evaluate the surface terms we make use of the asymptotic properties of ~' 
namely that ~ = 1 + ;;. + O(r-2 ) at large radii. The surface term is 
(3.4) 
This last expression will be - 21r times the ADM mass of the system if we choose 
u -+ w-1 at 7J -+ oo . If we choose u -+ 0 as 7J -+ oo then the integral will not evaluate 
to the ADM mass (in fact it will obtain zero). When we perform this surface integral 
at the throat of our spacetime we exploit the isometry 
(3.5) 
to obtain the final form for our inequality 
(3.6) 
26 
where we have assumed that f is independent of 0 at large 7]. 
This inequality can only fail if our assumptions about the form of W are incorrect. 
Therefore, when it does fail, we can conclude that an asymptotically flat metric cannot 
be formed by the given Brill wave parameters. 
We explored the regime where q = sinn 0 qa + q0 = 2Q0 sin2 0 e-rNu2 and found 
two forms for f which provided us with good bounds on the integral. These forms 
are 
f = exp ( -c7]2 - !-L7J /2) (3.7) 
and 
(3.8) 
Replacing the inequality with an equality in Eq. (3.6), performing the integral, and 
then solving for Q0 provides us with a function, Q0 (p, c, a), whose range supplies the 
forbidden amplitude values Q0 and whose domain is c > 0, a > 0, and 1-L is a real 
number. 
The functions Q0(p, c, a) that we obtained were able to provide both an upper and 
a lower bound for the allowed values of the input parameter Q0 because they trace 
out a function similar to an hyperbola in 1-L space for given values of a and c. The 
behavior of one function is illustrated in Fig. 3.1. In this figure we see two distinct 
extrema. One extremum is a greatest possible negative value for Q0 and provides 
us with a lower bound for this parameter. The other is a minimum in the possible 
positive values for Q0 and this provides us with a maximum value for Q0 . 
In Table 3.1 we have give the strictest upper bound for the function Q0 that we 
were able to find using the above inequality, Eq. (3.6), and trial functions, Eqs. (3.7,3.8). 
These bounds, together with the parameters 1-L and c which were chosen to minimize 
them, are given in the table. 
If one explores the 1-L = 1 form of this distortion and takes the limits a -+ oo and 
c -+ 0 in that order one arrives at the amplitude Q0 = 7.577. Thus, it seems that 
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Figure 3.1: We plot the range of the Brill wave amplitude function Q0which are 
inconsistent with asymptotically flat solutions of the Hamiltonian constraint for a 
given "trial function" (see text). In this example plot, the values outside the range 
-2.317 < Q0 < 56.24 are excluded. 
·. 
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(j II 
0.25 1.726 -2.928 0 3.283 
0.50 1.078 -3.186 0 5.122 
0.75 0.8455 -3.64 0 7.516 
1.00 0.7042 -4.037 0 10.74 
1.25 0.6171 1.096 4 11.97 
1.50 0.5580 1.097 4 10.99 
1.75 0.5049 1.087 4 10.35 
2.00 0.4587 1.076 4 9.914 
3.00 0.3300 1.046 4 8.993 
100.0 0.0100 1.014 4 7.6113 
Table 3.1: Upper limits on Q0 • The parameters E, Jl, and n are arbitrary parameters 
were chosen in an attempt to find the smallest upper bound for the allowed values of 
Q0 , the wave amplitude, as a function of the wave width, (j . 
0.25 0.0025 2.81 0 -1.261 
0.50 0.0025 2.31 0 -1.437 
0.75 0.0558 1.94 0 -1.486 
1.00 0.1053 1.62 0 -1.456 
1.25 0.1133 1.44 0 -1.404 
1.50 0.1081 1.33 0 -1.351 
1.75 0.1001 1.26 0 -1.303 
2.00 0.0921 1.21 0 -1.260 
100.0 0.0487 1.00 0 -0.765 
Table 3.2: Lower limits on Q0 . The parameters E, Jl, and n are arbitrary parameters 
were chosen in an attempt to find the greatest lower bound for the allowed values of 
the wave amplitude Q0 , and the wave width, () . 
while there are more strict limits on larger width waves in general , there is no reason 
to suspect that any width is too large. 
In Table 3.2 we have the strictest lower bound for the function Q0 that we were 
able to find using the methods of this section. We note that these functions tended 
to be somewhat more difficult to calculate, sometimes requiring 100 or more decimal 
places of precision to evaluate accurately. 
It is interesting to note, however, that the pure Bowen and York spacetime (which 
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is parameterized by J, not Qo and can be regarded as a distortion of the Kerr space-
time) can be specified apparently without limit. This is consistent with the calculation 
done here, because the conformal Ricci scalar vanishes for conformally flat spacetimes 
such as the Bowen and York spacetime. This assures us that the inequality given in 
Eq. (3.6) is trivially satisfied. Numerical evaluations of the Bowen and York black 
hole (see [26]) seem to get asymptotically closer to the extremal Kerr spacetime as 
J is increased, i.e. J /m2 = a/m gets ever closer to unity confirming this observation. 
We note also that we can use Eq.(3.6) to obtain a lower bound on the ADM mass 
for numerically derived data sets. Using f = 1 we obtain 
111r MADM > 1 +- (q- qo)sinOd() 
4 0 
(3.9) 
where the integral is evaluated on the throat. We calculate this after computing W 
on the initial slice to determine whether the ADM mass of the spacetime is consistent 
with asymptotic flatness. 
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Chapter 4 
Numerical Techniques of the Initial 
Value Problem 
4.1 The Hamiltonian constraint 
To solve the Hamiltonian constraint equation we use a Newton-Raphson iteration 
procedure. The conformal factor in the constraint equation is linearized about a trial 
function. The initial trial function, W0 , is usually chosen to be 2cosh(7J/2), because 
that is the solution for a spherical black hole with mass M = 2. At a given iteration 
i we assume the solution has the form W = Wi +oW, where oW is a small correction 
function. We then evaluate the residual Ei of this guess for wi, 
/\1Tr wi (£::)2( ) £::)2( )) Wi7 ( A2 • 2(} A2) Ei = U'l'i + 4 uTJ q- qo + u0 q- qo - - 4- HE sm + Hp ( 4.1a) 
and use it as a source term for the correction function oW 
Eq. (4.1a) is used merely to evaluate Ei, but Eq. (4.lb) is solved with a numerical 
elliptic solver for oW. The boundary conditions on the grid are given as follows: oW 
is symmetric across the throat, the axis, and the equator. At the outer boundary we 
use the Robin condition, oTJoW = -tow. Typically we use £ = 10-7 as our stopping 
criterion. 
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Once oW is obtained, we try again, with Wi+l = Wi+oW. We repeat this procedure 
until the a solution to Eq. (2.14) with appropriately small error (maximum value of 
Ei on the grid) is achieved [28]. 
Some of the data sets considered in this thesis use Brill waves that are very wide. 
Because of this, one may worry whether the outer boundary of the grid is sufficiently 
large to get an appropriate asymptotic behavior for the Hamiltonian constraint. To 
determine whether the position of 'r/max is valid, we measure the quantity 
( 4.2) 
which should approach -1/2 in a spacetime that asymptotically approaches the Kerr 
spacetime. We adopt the criterion that~ must be equal to this value to within 0.1%. 
If it is not, we regard our choice for value of 'r/max, the outer boundary of our grid, to 
be too small and adjust accordingly. 
4.2 Apparent Horizons 
4.2.1 The numerical method 
We will use the same method for finding the AH (apparent horizon) as described in 
previous work [14, 21]. An apparent horizon is a surface whose outward directed null 
rays do not diverge. Mathematically, this translates to the trapped surface equation 
(4.3) 
In the above, si is an outward pointing unit normal vector which defines the surface. 
For details please see [28]. 
For initial data sets of the type considered in this thesis, the terms containing 
the extrinsic curvature drop out, and therefore finding the apparent horizon reduces 
to finding an extremal surface. We will, however, be using a different strategy for 
searching than we used when we were evolving our spacetimes [20, 21]. For extremely 
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distorted data sets we found that multiple trapped surfaces may exist, and it is 
important to find the outermost surface. Therefore, we use a "brute force" approach 
and repeatedly call the solver, using many constant radial zones covering the inner 
portion of the grid as an initial guess. After the horizon finder has finished executing 
for each initial guess, the solution with the largest radial coordinate position that 
satisfied the tolerance of the solver was determined to be the apparent horizon. 
This strategy relies on our previous experience, which has shown us that even 
horizons with highly distorted geometry are nearly spherical in coordinate space, in 
our choice of coordinates. Moreover, we know, from Gibbons (37], that our apparent 
horizon must have the topology of a 2-sphere. As in previous papers (21, 6], we will 
study the intrinsic geometry of the black hole horizon as a measure of its distortion. 
4.2.2 Measures of the horizon 
There are a number of geometric quantities that can be used to measure the apparent 
horizon that provide insight to the physical characteristics of the black hole. Examples 
are its shape, area, and local curvature. One straightforward measure of a black hole's 
shape in axisymmetry is the ratio of its polar circumference, Cp, to its equatorial 
circumference, Ce. This ratio has been used previously, but we point out that it has 
an inadequacy. If used to study the surface of an event horizon, this number may 
be infinitely large for some configurations; one need merely consider the case where 
two equal mass black holes are colliding and are just touching so that Ce vanishes. 
Although we do not expect this problem to affect the apparent horizon, however, 
we would like to use the same measure of oblateness for both apparent and event 
horizons, one which better captures the intuitive concept of oblateness. One such 
measure is Cv/CA, where CA = 27r(2V A/167r) is the "areal circumference." Note that 
the quantity Cv/CA tends to be much smaller than Cv/Ce· For the case of a O" = 3.5, 
Qo = 5.64, black hole apparent horizon we have Cv/CA = 85 and Cv/Ce = 19 x 103 . 
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Another important quantity that can be obtained from the horizon is its mass 
Mz - ~ 47rJz 
AH- 1671" + A ' ( 4.4) 
and the related quantity, the MRL (maximum radiation loss), 
( 4.5) 
The MRL is the amount of energy that can be emitted if the black hole swallows 
none of the radiation energy present outside the horizon on the initial slice during its 
subsequent evolution. 
We will also be interested in discussing what we call the "transition points" of the 
horizon. These are points in parameter space of the initial data problem at which the 
apparent horizon ceases to be on the throat (which is always a trapped surface) of 
the spacetime. The transition points can be accompanied by discontinuous changes 
in the character of the horizon, as measured by the quantities discussed here. 
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Chapter 5 
Survey of Initial Data Sets 
We now apply a number of these horizon measures developed above to analyze a series 
of initial data sets, beginning with distorted, non-rotating holes . 
5.1 Time-symmetric Brill wave data 
First we begin by examining the shape parameter, Cp/CA, for a series of Brill wave 
plus black hole spacetimes. These non-rotating black holes provide a good starting 
point for our survey. Fig. 5.1 shows Cp/CA for a set of black holes with a-= 1.5, and 
the Brill wave amplitude, Q0 , in the range -1 < Q0 < 7. 
The apparent horizon generally becomes prolate if it is distorted with a posi-
tive amplitude Brill wave, and oblate if it is distorted by a negative amplitude Brill 
wave [13]. However, the shape of the horizon undergoes two sharp transitions, one 
at about Q0 = - .65 [13] and the other at about Q0 = 4.5. Between these two values 
of Q0 the horizon is on the throat, and the ratio Cp/CA grows exponentially. The 
further we move outside this region the further out the apparent horizon moves, and 
the more spherical the black hole becomes. 
The spacetime behaves as if increasing amounts of energy were being deposited 
in the region somewhat away from the horizon as IQol is increased. Beyond a certain 
critical threshold, one would expect a new horizon would be formed. Beyond this 
range, the spacetime is still becoming more distorted , but the distortion is driving 
·-
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Figure 5.1: We plot the apparent horizon shape parameter Cp/CA, where Cp and 
C A are the polar and "areal" circumferences of the surface, for a set of non-rotating 
distorted black hole initial data sets. The shape parameter is plotted against Q0 , 
the amplitude of the distorting Brill wave. All spacetimes shown here have the same 
Brill wave width, a = 1.5, the width that best characterizes the geometry of the 
Kerr spacetime. This plot shows the same data as computed on three grids with 
increasingly more zones, which illustrates how close we are to the exact solution. 
These results are second order convergent. 
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the apparent horizon further out on the grid and as a result the distortion is now 
primarily interior to the apparent horizon. Thus the exterior region becomes more 
spherical as this parameter is increased. 
Next we show the effect of changing the width of the Brill wave. In Fig. 5.2 we 
show a set of spacetimes like those shown above, but a larger width Brill wave is used 
(O" = 3.5). We see that the horizon stays on the throat for larger values of Q0 , thereby 
making the maximum distortion parameter much larger. This results in a value of 
Cv/CA that is about an order of magnitude larger than the O" = 1.5 distortion. The 
lower transition is still at about Q0 = -.65, but now the upper transition has moved 
to Q0 = 5.65. The decrease in Cv/CA as we move away to values of Q0 larger than 
5.65 also becomes less sudden. 
In Fig. 5.3 we now show the data from the previous two graphs along with a 
number of spacetimes with varying Brill wave widths, O". The values of O" considered 
are 0.5, 1.0, 1.5, 2.0, 2.5, 3.0 and 3.5 We will call this group of spacetimes set la. 
We see that the function Cvf C A of Q0 changes only slightly as O" is varied for a large 
portion of the plot . There is a sharp transition that occurs for positive amplitude 
distortions which is strongly dependent on the width of the wave. Beyond this tran-
sition point the AH ceases to be on the throat. There is another transition point for 
the negative amplitude Brill wave spacetimes, and for all but the narrowest of the 
Brill waves considered ( O" = 0.5) it lies at about Q0 = -0.65. The region between 
these two transitions constitutes what we will call the "main branch" and is relatively 
independent of O". The "main branch" for the range 1.8 < Q0 < 5.6 is approximated 
to an accuracy of 1% or less by 
Cv/CA = exp ( -0.287055 + 0.728645 Q0 + 0.019728 Q0 2), (5.1) 
and is plotted by a heavy dashed line in Fig. 5.3. Since the horizon is simply the 
throat (ry = 0) for the "main branch" spacetimes it is not surprising that log(Cv/CA) 
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Figure 5.2: This plot illustrates the basic properties of the apparent horizon shape 
parameter, Cv/CA, for the large width Brill wave, a = 3.5. The apparent horizon 
becomes extremely distorted near Q0 = 5.65, with Cv/CA ~ 90. This plot shows the 
same data as computed on three grids with increasingly more zones. 
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Figure 5.3: We illustrate the prolateness (large Cp/CA) of the apparent horizon for 
spacetimes with Brill wave distortions of varying amplitude, Q0 , and a variety of 
widths, 0'. Also plotted is a fit of the ((main branch," a curve on which horizons 
lie for all distorted black hole spacetimes considered. For each family we consider, 
there is a transition point, a critical amplitude above which the horizon jumps off the 
throat and becomes more spherical. 
should depend linearly on Q0 as it 1s simply reflecting the effect of Q0 upon the 
conformal metric. 
Also worthy of note is that above 0' = 2.0 the upper transition point becomes 
nearly fixed at Q0 = 5.65. Some small variation occurs, but not much. Roughly 
0' = 2 is a width above which the most prolate spacetime occurs at about Q0 = 5.6 
with a shape characterized by Cpj C A ~ 88. Likewise, it appears that 0' = 1 is a 
width above which the most oblate spacetime occurs at about Q0 = -.65 with a 
shape characterized by Cpj C A ~ . 77. 
In Fig. 5.4 we see the effect of Q0 and 0' on the MRL (maximum radiation loss) 
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Figure 5.4: This plot illustrates the maximum radiation loss, or MRL, for spacetimes 
with Brill wave distortions of varying amplitude, Q0 , and a variety of widths, a. The 
diamonds mark the location of the maximally prolate horizon for each curve 
of the spacetime for set 1 a. For reference we have marked the positive Q0 transition 
points, the peaks in the plot of Cp/CA that are seen in Fig. 5.3, with diamonds 
in Fig. 5.4. The MRL increases, in all cases, as we increase IQol until it reaches 
some maximum value. As we increase IQol further, we arrive at a transition point . 
Along the path of increasing IQol, the energy of the spacetime first increases primarily 
because we are adding wave energy outside the horizon. As we travel further in this 
parameter space the mass increases primarily because energy is being added to the 
hole itself. Another feature that can be observed in Fig. 5.4 is that the MRL of the 
transition point begins to rise much more rapidly with increasing Q0 after the Brill 
wave width becomes greater than 2. 
In both Fig. 5.1 and Fig. 5.2 we have plotted the curves for Brill waves with widths 
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cr = 1.5 and cr = 3.5 respectively at three different grid resolutions: 600 x 96, 300 x 48, 
and 150 x 24. We note that in both cases the resolution lines are very close together 
and that the convergence exponent, e, as defined by, 
(gP) _ (gP) ex (.6.ry)c + ... 
A num A true 
(5.2) 
is very nearly 2 at all points on both graphs. The larger width Brill waves were 
more difficult to calculate, but our code is capable of calculating these spacetimes 
accurately. 
5.2 Negative amplitude Brill wave distortions 
In this section we focus on the region of the time-symmetric distorted black hole 
spacetime in which the amplitude of the distortion is negative. In this regime we find 
a behavior that is qualitatively similar to the behavior seen for positive amplitude 
distortions in set 1 a, but we found that we needed to use narrower Brill waves to 
explore this effect for negative amplitude spacetimes. If we consider Fig. 5.3 we see 
that all but the cr = 0.5 curves are very similar for the negative amplitude portion of 
the graph. Because of this we use widths cr = 0.3, 0.4, 0.5, .. . 0.9 and we plot this 
data in Fig. 5.5. We label this data as set lb. 
Note in Fig. 5.5 that the maximum distortion (minimum Cp/CA) is increased by 
widening the Brill wave until a limiting value is reached, a behavior similar to that 
observed for positive amplitudes in Fig. 5.3. There is also a continuation of the main 
branch for the segment of the spacetimes in which the wave is on the throat, although 
we have not computed a fit in this case. 
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Figure 5.5: This plot illustrates the behavior of the negative amplitude, narrower 
width Brill wave spacetimes. The behavior here is qualitatively similar to the larger 
width positive amplitude spacetimes depicted in Fig. 4, except that the apparent 
horizons are all oblate. As Q0 becomes more negative the apparent horizon jumps off 
the throat at a transition point and the spacetime becomes more spherical. 
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Figure 5.6: This figure illustrates the effect on the apparent horizon of a Brill wave 
distortion on a Bowen and York black hole. The addition of angular momentum 
makes the transition point, the point where the horizon leaves the throat, occur 
sooner, although for small values of Q0 the value of Cp/CA is very close to the "main 
branch." 
5.3 Brill wave distortions of Bowen and York ro-
tating black holes 
In this section we discuss spacetimes with a = 1.5, -1 < Q0 < 7 and angular 
momentum parameter J = 0.25, J = 0.5, and J = 5, and we will call this collection 
set 2a. We plot Cp/CA for this set in Fig. 5.6. One can see from the figure that the 
rotating black holes still lie along the main branch, but the transition points occur 
earlier (for smaller Q0 ). 
Adding angular momentum to Brill wave spacetimes reduces the value of CP/CA, 
thereby making the spacetime more oblate. For the larger amplitude Brill waves 
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Figure 5.7: In this plot we see the embeddings of several distorted black hole space-
times. The heavy lines are spacetimes distorted by Brill waves: a prolate spacetime 
with Q0 = 0.1, an oblate spacetime with Q0 = -0.1, and a Schwarzschild space-
time with Q0 = 0.0. The lighter lines represent these same spacetimes with angular 
momentum added. 
this effect is quite marked. In Fig. 5. 7 we make this point clearer by graphically 
depicting the embeddings of several distorted black hole spacetimes. Three Brill wave 
spacetimes are taken as starting points: Q0 = -0.1, 0.0 and 0.1, and are plotted with 
thick lines. Next to each of these lines is a thinner one depicting the shape of the 
horizon after setting J = 10. This general trend, that angular momentum makes an 
horizon more oblate was a feature that was observed previously by Smarr for the Kerr 
spacetime (56]_ 
As mentioned above, one generally expects that rotating black holes will be po-
tentially more oblate than non-rotating spacetimes. However, there is an exception 
to this. In Fig. 5.8 we extend the above plots to show in more detail the effect of 
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Figure 5.8: In this plot we see data sets which cover input parameters in the range 
-0.657 < Q0 < -0.655, with <7 = 1.5 and 0 < J < 10 (set 2b). It illustrates 
that although J usually makes an horizon more oblate, it can also cause the horizon 
to leave the throat for sufficiently negative values of Q0 and thereby make it more 
spherical rather than more oblate. 
rotation on the negative amplitude spacetimes. We see data sets which cover input 
parameters in the range -0.657 < Qo < -0.655, with <7 = 1.5 and 0 < J < 10 (set 
2b). Thus, while the addition of angular momentum to a spacetime usually makes an 
AH more oblate, this is not always true. In fact, the addition of the Bowen and York 
distortion makes the minimum Cp/CA as a function of Q0 larger. In other words, 
while adding a negative amplitude Brill wave to a given black hole can make it more 
oblate, increasing J also makes the horizon jump off the throat at a smaller value of 
IQol so that it does not achieve the maximum oblateness seen with no rotation. 
Although we do not provide a plot, we note that as the parameter J is increased 
for these spacetimes, the MRL decreases . 
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5.4 Brill wave distortions of end-stage "Cosmic 
Screws" 
We next examine a collection of "cosmic screw" spacetimes, referred to as set 3. The 
data in set 3 is identical to the data in set 2a (distorted Bowen and York black holes) 
with the exception that it uses the cosmic screw form of the perturbation. The value 
of Jscrew clearly creates a much smaller distortion of the horizon than the Bowen 
and York angular momentum parameter of the same value, as is evident in Fig. 5.9. 
Indeed, it is almost impossible to distinguish the Jscrew = 0.5, 0.25 spacetimes. This 
is reasonable since this distortion can be thought of as two counter-rotating and 
therefore counter-acting Bowen and York distortions. 
5.5 Odd-parity distortions of Schwarzschild 
In this section we examine set 4, which comprises odd-parity distortions of the form 
j 1 = 0, h = q~, and h =cos 8 (see Eq. (2.22)), with parameters TJo = 0, 0 < Qo < 
100, O" = 0.5, 1.5, 2.0, 2.5, 3.0, and 3.5. 
This family of spacetimes, depicted in Fig. 5.10, displays the same property of the 
pure Bowen and York data distortions (in which J, the angular momentum parameter, 
can be thought of as representing the amplitude of the extrinsic curvature distortion), 
namely that there is no limit to the magnitude of the parameter, J, that is possible, 
either theoretically or in any numerical test done to date. We do not feature the 
negative amplitude distortions of these sets because the relevant terms are squared 
in the Hamiltonian constraint, making their overall sign unimportant. 
Unlike the Bowen and York spacetime, for which the horizon remains on the throat 
for very large J, the horizon moves away from the throat in the odd-parity distortion 
of Schwarzschild for sufficiently large Q0 . In this respect these data sets are similar 
to set la. They also resemble set lain that larger width distortions make it possible 
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Figure 5.9: This figure illustrates the effect on the apparent horizon of a Brill wave 
distortion on a black hole with a "Cosmic Screw" distortion (counter-rotating above 
and below the equatorial plane but without net angular momentum, see text for 
details) . As in the case of the Bowen and York black holes, the boundary conditions 
the Cosmic Screw has the effect of smoothing out the Cp/CA curve, although it has 
a lesser effect than a Bowen and York distortion with the a distortion parameter of 
equal value. 
47 
Odd-Parity Schwarzsch lid 
1.015 -- <r-0.5 
1.0 
1.5 
1.010 
< 
0 
~ .. 
1.005 
1.000 "'----~--'--~----'---~-.....__-~---'---~---' 
0 .0 20.0 40.0 60.0 80.0 100.0 
Figure 5.10: This plot shows the prolateness of the horizon, Cp/CA, for a odd-parity 
data sets with a variety of distortion widths, u. As was the case for the Brill wave 
distorted spacetimes, the maximum in the Cp/CA curve marks the place where the 
apparent horizon moves away from the throat. 
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to achieve more distorted horizons. Set 4 is unlike set lain that the distortion never 
becomes even remotely as large (note that this distortion is in the extrinsic curvature 
and affects the 3-metric only through the conformal factor, it is not the standard Brill 
wave distortion). 
Fig. 5.11 shows the behavior of the MRL function for set 5. As in set 1 a this data 
set has its peak MRL somewhat before the horizon departs from the throat. It is 
otherwise qualitatively similar to the MRL curves depicted in Fig. 5.4. 
5.6 Hoop Conjecture 
An important question that we wish to discuss is "How distorted can a black hole 
be?" The hoop conjecture (58, 47] states that an event horizon will form if and 
only if the matter is sufficiently compact in all directions. This conjecture would 
seem to suggest that the black hole horizon should also be sufficiently compact in all 
directions. Although interesting work has been done on the hoop conjecture for black 
hole spacetimes (see, e.g. (36, 35]) much remains to be done. 
As we have seen above, black hole apparent horizons can be extremely distorted, 
nonspherical objects as measured by the shape parameter Cp/CA· We have shown 
cases where the AH is extremely prolate (Cp/CA ~ 88) or oblate (Cp/CA ~ 0.77). 
However, these results are for the apparent horizon, and not the event horizon. A 
careful study of distorted event horizons, and implications on the hoop conjecture 
will be presented elsewhere. In this section we restrict our attention to the apparent 
horizons we have found, and discuss whether there is a limit to how distorted they 
can be. 
The fact that there are limits on the amplitude parameter ( Q0 ) is somewhat sug-
gestive of a limit on the degree of distortion possible for the apparent/event horizon 
of the black holes considered here (since the amplitude parameter controls the de-
gree of distortion of the black hole). Indeed, it allows one to demonstrate the limit 
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Figure 5.11: This plot shows the MRL for a variety of odd-parity data sets. Qualita-
tively it has the same features observed in Fig. 5, except that the magnitude of the 
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black hole spacetime has its maximum value of CP/CA· 
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numerically for a Brill wave of a given shape (as given by J, 'r}o, and n). 
However, there may also be a good reason to suppose that there is no limit on how 
large or small the quantity Cp/CA may become for an asymptotically flat spacetime. 
We might be able to engineer spacetimes with two gravity wave distortions: one 
widely extended, the other more comparable to the size of the hole. In effect, the 
larger distortion can be used to "fool" the black hole into thinking that the spacetime 
is not asymptotically flat . Thus, it may be that we can find spacetimes with arbitrarily 
large Cp/CA if we combine distortions on a variety of scales. This possibility is not 
investigated here. 
5. 7 Maximum Prolateness 
It is difficult to pin down a maximum prolateness for all the types of spacetimes con-
sidered here. It seems reasonable, however, to simply focus on Brill wave spacetimes 
since the odd-parity and momentum distortions usually make the spacetime more 
oblate or have small effect. For any given value of J it is a straightforward matter 
to obtain the value of Q0 which maximizes Cp/ C A because we can search the entire 
range of possible values for Q0 (which we know from section 3 must have a value less 
than 10.0) . 
In all these data sets, the horizon remains on the throat until some critical value 
of Q0 is reached and then it departs and moves outward in coordinate space. Until 
the horizon leaves the throat, Cp/CA continues to grow, but as soon as it departs this 
ratio begins to decrease. This downward trend in Cp/ C A continues as Q0 is increased 
until a value of Q0 is reached which is inconsistent with asymptotic flatness. The most 
distorted spacetime occurs when the largest value of J is used, although the growth 
is very slow after the value of exp( J) has increased to about half the fundamental 
f = 2 wavelength of the black hole. 
While the information we obtained does not provide us with a definite answer 
51 
about the maximum possible prolateness of the apparent horizon in these spacetimes, 
it suggests that there is some limiting value of Cvf CA. The largest value we have 
measured is Cv/CA = 88. However, it is possible that despite the observed trends 
the quantity Cvf C A may be made to grow without limit for some untried Brill wave 
shape or combination of shapes. 
5.8 Maximum Oblateness 
How oblate can a black hole be? To get a feel for the meaning of the ratio Cv/CA we 
note that for an infinitely thin disk in Euclidean space we have Cv/CA = 0.900 and 
for an extremal Kerr black hole (a/m = 1) we have a smaller value, Cv/CA = 0.860. 
Thus, although these ratios are quite close to unity, they actually represent extremely 
distorted surfaces. For a very wide range of Brill wave parameters we have seen a 
robust lower bound for Cv/CA ~ 0.77, with Q0 = -0.65, as discussed above. This 
seems to follow the trend discussed above for the prolate black hole spacetimes. 
5.9 Penrose Inequality 
In 1973 Penrose proposed a criterion for a spacetime which, if violated, would indicate 
Cosmic Censorship would be violated [50]. The criteria is simply that the irreducible 
apparent horizon mass must be less than or equal to the ADM mass. 
Jang and Wald proved [39] the inequality for spacetimes with a single AH of 
topology S 2 which also satisfies a certain mathematical condition. (It essentially 
states that it is possible to foliate the region of the spacetime exterior to the apparent 
horizon with a sequence of nested 2-surfaces, which are asymptotically spheres at large 
radii, using a "lapse" whose value is equal to the inverse of the extrinsic curvature 
of those 2-surfaces.) We have not shown that this condition is actually satisfied for 
the wide class of black hole spacetimes considered here, but we have seen that this 
inequality is preserved in all spacetimes considered in this thesis. Bernstein also 
·• 52 
sought for and failed to find a violation of the Penrose inequality (14, 15] using the 
Brill wave distortions of the non-rotating black hole, but did not consider the extreme 
distortions used in this thesis . A violation of the Penrose inequality would result in 
a negative value for the MRL, and we can see that this does not occur if we review 
Figs. 5.4 and 5.11. 
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Chapter 6 
The Evolution Code 
In this section we discuss our evolution code, including various gauge choices and 
computational details. 
6.1 Gauge Choices 
6.1.1 Lapse 
Maximal slicing is used, with a lapse that is antisymmetric across the throat. Maximal 
slicing is the condition that the trace of the extrinsic curvature is zero throughout 
the evolution. We note that the Kerr solution in standard form is maximally sliced 
with antisymmetric lapse. Setting tr K = 0 in the evolution for tr K gives 
(6 .1) 
We find that the code is more stable if we use the energy constraint equation to 
eliminate the Ricci scalar R from Eq.(6.1) since it contains second derivatives of the 
metric functions. The behavior of second derivatives can be troublesome near the 
peaks in metric functions that can develop near black holes. The evolution equation 
for tr K becomes, therefore, 
(6 .2) 
This equation is solved numerically on each time slice during the evolution using a 
multigrid solver to be discussed in section 6.2. 
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Maximal slicing is an important slicing condition for its singularity avoiding prop-
erties. As the black hole evolves, constant 1J observers are really falling into the hole. 
Observers at the same value of 1J but different values of </> along the equator will , 
for example, find that they are closer together as the evolution proceeds. If we were 
not careful, our code would follow these observers as they fall in until the distance 
between them becomes zero (as they reach the singularity) causing our code to crash. 
For Schwarzschild and distorted non-rotating spacetimes maximal slicing prevents the 
evolution from reaching the singularity. Instead, when the slice approaches the radius 
r = ~M the lapse goes to zero and proper time will not advance at that location (33]. 
For rotating black holes the singularity structure inside the horizon is significantly 
different. For these reasons one might worry that the singularity avoidance proper-
ties could be different. The interior region of a rotating black hole has a timelike 
singularity, Cauchy horizons, and an infinite patchwork of "other universes" (25]. 
However, this problem was investigated by Eardley and Smarr (32], who showed that 
maximal slicing does in fact avoid the singularity inside the Kerr black hole (in fact, 
it avoids the Cauchy horizon), although in a different manner from Schwarzschild. 
They estimated the location of a limit surface, which was found with more precision 
by Duncan (31] who obtained 
(6.3) 
where rzim is given in terms of the standard Boyer-Lindquist coordinates. However, 
we will measure "the circumferential radius," not the Boyer-Lindquist r coordinate, 
so the above equation must be converted using the following formula: 
(6.4) 
This is simply the result of evaluating rc = 1J!2 VD at e = 1r /2 for the analytic Kerr 
metric. 
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Thus the limit surface depends on the rotation parameter. Note that if the rotation 
parameter a vanishes, we recover the well known limiting surface rc = 3M/2 for 
Schwarzschild. Actual time slices will approach but do not fall inside this radius 
interior to the horizon. However, we usually use an antisymmetric slicing condition 
at the throat, causing the lapse to vanish there, preventing r c from evolving on throat. 
Further out from the throat, however, the coordinate system will evolve toward this 
limiting surface. 
We have tested these ideas by numerically evolving rotating black holes with max-
imal slicing using our code, described in detail below. First we evolve a non-rotating 
hole, but with our new black hole construction described above. In Fig. 6.1 we plot the 
limit surface using the circumferential radius for an odd-parity distorted non-rotating 
hole, and we see that it locks onto the familiar r c = ~ M surface. The parameters 
describing the initial data for this calculation are ( Q~, n', 7]~, a') = (2.0, 3, 1.0, 1.0). 
This run is described as run o 1 in chapter 7. 
Next, Fig. 6.2 shows the computed value of rc for a rapidly rotating (a/m = .70) 
black hole. The calculation of rc from the data on the slice t = 60M is given with a 
solid line, and the limit surface predicted by Duncan with a dashed line. In terms of 
the parameters in section 4 the initial data for the a/m = .70 spacetime is described 
by ( Q0 , 'T]o, a, J, n) = (1.0, 1.0, 1.0, 10.0, 2). This same calculation is labeled run r4 
in chapter 7, where its evolution is analyzed in detail. 
As one can see, maximal slicing does indeed serve to limit the advance of proper 
time inside a rotating black hole, in spite of the fact that the singularity structure is so 
different from that of a non-rotating black hole. The slices do converge to the correct 
radius, as predicted by Duncan, near the horizon ( 7J ~ 2. 7). Outside this region the 
radius is, of course, much larger. This spacetime is not expected to have exactly the 
same limiting structure as the symmetrically sliced Kerr spacetime, since it has been 
strongly distorted by gravitational waves and since an antisymmetric lapse has been 
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Figure 6.1: This plot shows rc, the circumferential radius of the maximally sliced 
black hole as a function of radial coordinate ry, for run labeled ol at time t = 70M. 
The theoretical limit surface for a non-rotating hole is r = 1.5M, but our boundary 
condition on the lapse prevents us from reaching that point at the throat (ry = 0). 
Nevertheless, away from the throat, the predicted limit surface is reached. 
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Figure 6.2: In this figure the circumferential radius rc is plotted at timet= 60M. For 
Kerr black holes the limit surface is not r c = 1.5M but a higher value that depends 
on the rotation parameter ajm, as predicted by Duncan. The dashed line is the 
theoretically predicted r = constant limit . In regions away from the throat (where 
the lapse is zero and the spacetime may not evolve) we see that this limit surface is 
reached. 
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employed (freezing the evolution at the throat); hence the variations about Duncan's 
prediction. We have tested this prediction for limit surfaces for a number of rotating 
black holes and find similar results in all cases. We note that this observation could be 
used to extract the rotation parameter, ajm, from the maximally sliced spacetime. 
We also note that these figures are very useful for estimating the location of the 
apparent horizon, even without an apparent horizon finder, since the slices will wrap 
up close to the limit surface inside, but move quickly away from it as one moves out, 
crossing the horizon. 
6.1.2 Shift 
In previous work on non-rotating black holes a shift vector was chosen to make the 
off-diagonal component of the 3-metric ITJo vanish [16] (in that system no other off-
diagonal components were present). This condition was found to be crucial to sup-
press a numerical instability occurring near the axis of symmetry. An elliptic equation 
for the two components of the shift (/3"' and {3°) present in that system provided a 
smooth shift and stable evolution. Following this philosophy we have developed a 
shift condition that generalizes this approach to the rotating case. 
The gauge condition used in our evolutions is C = 0 and E = 0. Our choice has 
the property of reducing to the NCSA gauge used in the non-rotating work as the 
rotation goes to zero, and reducing to the Kerr shift as Q0 -t 0. Since the Kerr shift 
allows the stationary rotating black hole metric to be manifestly time independent, 
one expects that for the dynamical case a similar shift will be helpful. The evolution 
equations for C and E can be used to construct a differential equation for the shifts. 
Other off-diagonal terms may be eliminated through appropriate shift choices, and 
as with the shift used in the non-rotating system, there is additional gauge degree of 
freedom that has not been exploited. We note that the quasi-isotropic shift has been 
used successfully in a recent study of rotating matter collapse [2]. 
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Let us now consider how to implement the condition C = 0 and E = 0. First, the 
relevant metric evolution equations are: 
8tC = 0 = -2o:H0 + A811 {3° + B8of311 + Fsin e811(3 rf> 
8tE = 0 = -2o:HE + D811 (3rf> + Ff3,~1 sin e. 
(6.5a) 
(6.5b) 
These equations can be combined to produce a single equation involving {3 11 and {3°: 
(6.6) 
We can solve this equation by introducing an auxiliary function n through the 
definitions: 
(following Ref. [15]), producing an elliptic equation for the function f!: 
(6.7a) 
(6. 7b) 
(6.8) 
This equation is then solved by finite differencing using a numerical elliptic equation 
solver discussed in the next section. The solution n is then differentiated by centered 
derivatives to recover the shift components {3 11 and {3° according to Eqs. (6.7). In 
practice, these shifts remain fairly small during the evolution. Their main function is 
to suppress the axis instability, as noted in Ref. [15] where a similar shift was used. 
Once n is known, (Jrf> can be calculated by integrating Eq. (6.5b): 
(JrP = 111 dry (2o:HE- F811{3° I sin e) I D. 
11m ax 
(6.9) 
Only one boundary condition needs to be set (the outer boundary condition is most 
convenient), and it is generally set equal to the Kerr value. The inner boundary 
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condition, that {3¢> must be symmetric across the throat, is guaranteed by Eq. (6.5b ). 
This shift component is needed to keep the coordinates from becoming "tangled up" 
as they are dragged around by the rotating hole. Without such a shift the coordinates 
would rotate, leading to metric shear [55]. This shift component, {3¢>, is typically larger 
than {31J or {3e. 
This method for obtaining the shift has proved effective, although there are some 
numerical difficulties that should be mentioned. First, since {3¢> is computed by in-
tegrating an ODE, errors tend to accumulate as the integration progresses inward. 
This can cause trouble when integrating across the sharp peaks that develop in the 
metric functions near the horizon of a black hole (See section 6.3 below for discussion 
of these peaks). On the other hand, this occurs in the region where the lapse collapses 
significantly (near the inner portion of the grid), and is not noticeable before the axis 
instability sets in (see section 6.3 for a discussion of the instability), so it has not 
been a serious problem. For Kerr initial data, the numerically computed shift had a 
maximum deviation from the analytic solution of about 0.1% on a 200 x 55 grid. We 
show a plot of the shift in Fig. 6.3 for a Kerr black hole with a rotation parameter of 
afm = .676. For dynamic black holes, the shift takes on a similar form. 
In addition, each () =constant line of integration is independent of the others. 
As a result of this decoupling, there can be fluctuations in the shift across different 
angular zones near the axis. This becomes more apparent at late times when the 
axis instability, common in most axisymmetric codes, sets in. As noted above this 
problem is not noticeable until after the instability sets in, and so it is not a cause of 
difficulty. An example of this problem is shown in the next section. 
6.2 Computational Issues and Numerical Issues 
The code was developed using MathTensor, a package that runs under Mathematica, 
to convert the equations to Fortran readable form. Scripts have been written that 
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Figure 6.3: We show a 2D plot of the shift f3"' as computed by the rotating code for 
a Kerr black hole with J = 5. It is virtually identical to the analytic shift function 
one would obtain from the exact Kerr solution. 
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automatically produce Fortran code given symbolic input in MathTensor, so different 
variable choices and gauge conditions can be tested fairly easily. 
The actual evolution code was written in Fortran 77 to run on the Cray Y-MP 
and the Cray C-90. Currently, for a 200 x 55 grid it obtains about 160 MFlops on a 
single processor C-90. About 70% of the time to evolve a spacetime with this code 
is spent solving elliptic equations (two elliptic equations must be solved on each time 
slice). The multigrid linear system solver used by our code for the elliptic equations 
was provided by Steven Schaffer of New Mexico Technical Institute [52] (UMGS2). 
We find that although it does not achieve the highest code performance in the tradi-
tional sense (measured by MFlops), it produces a solution in very few iterations, so 
the time to solution is often less than we achieve with "higher performance" iterative 
solvers [59]. UMGS2 is a semi-coarsening multigrid code. This differs from full multi-
grid (described in detail in the above reference) by only performing the coarsening 
along the angular dimension of the grid. This is quite useful because the spacetimes 
vary much less in the angular direction than in the radial direction. 
The evolution method that we have chosen is leapfrog. Leapfrog is an explicit 
evolution scheme that requires us to keep the metric variables on two time steps, and 
the extrinsic curvature data on two other time steps sandwiched between the metric 
variables. Schematically the evolution looks like this: 
lt+t:.t/2 
3 1 
-It- -It t:.t 2 2 -
It + !:lt-y ( Kt+t:.t/2, 1t+t:.tf2) 
3 1 2 Kt+t:.t/2 - 2 Kt-t:.t/2 
Kt+t:.t/2 + !:ltk ( Kt+t:.t, lt+t:.t) 
(6.10a) 
(6.10b) 
(6.10c) 
(6.10d) 
Spatial derivatives needed in the above equations were calculated usmg centered, 
second order finite differencing. This scheme is essentially the same as that discussed 
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in Ref. [16] . 
As in most asymmetric black hole codes to date, our code has an axis instability 
(See Ref. [16] for a detailed discussion of the axis instability). This instability grows 
worse as rotation increases. An effective strategy to slow the growth of this instability 
is to reduce the number of angular zones, thus keeping them farther away from the 
axis. As mentioned above, we have also used the gauge freedom in the equations to 
eliminate off-diagonal elements in the 3-metric that tend to exacerbate this instability. 
However, at late times, (t ~ 70-lOOM), when peaks in metric functions become large, 
strong instabilities can develop, causing the code to crash. These next two plots show 
the function B for the run labeled r4, a distorted Bowen and York (rotating) black 
hole. In Fig. 6.4( a) we see the function at t = lOOM for a grid resolution of 150 x 24. 
In Fig. 6.4(b) we see the same function for t = 70M with a grid resolution of 300 x 48 
(all angular zones are shown in the figure). The instability is clearly visible at earlier 
times in the higher resolution calculation, while the lower resolution calculation is 
still stable at later times. Note that it is the region in the interior of the black hole 
that develops difficulty (the horizon is located near 7J = 3, where the dip in the metric 
function B occurs). 
Because the radial resolution is most crucial, we often perform calculations with 
resolutions of 300 x 30 zones, providing both good accuracy and late time stability. 
It is the angular resolution that is most crucial in determining when the numerical 
instability becomes serious. Higher angular resolution does give more accurate results, 
but also leads to instabilities at earlier times. 
We have performed a series of convergence tests on our code. Convergence was 
measured along the line 8 = 1r /4 for a number of metric functions, and for the 
conformal factor . Because we did not have data placed along this value of 8 we 
interpolated it from our existing data using a third order interpolation scheme. The 
convergence rate of a given quantity was calculated by comparing results obtained 
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Bat. t=lOOM 
B at.t.=70M 
Figure 6.4: In both plots that follow, all of the angular zones are displayed. (a) This 
2D plot shows the contents of metric variable B = goo j\J!4 at a resolution of 150 x 24 
for run r4, a highly distorted rotating black hole. Using this resolution, we can evolve 
the spacetime to lOOM before numerical instabilities develop. (b) This 2D plot shows 
the metric variable B = goo/W4 (where \II is a conformal factor) in run r4. It has a 
higher spatial resolution (300 x 48) and it develops trouble at an earlier time. The 
ridges near the throat are a result of the axis instability and the radial integration we 
use to compute the (31> component of the shift. 
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at three resolutions in a similar manner as reported in Ref. [16]. The basic principle 
is to assume the error in a given quantity is proportional to ( !::..ry )<', and then the 
convergence rate a is determined experimentally. For a formally second order accurate 
numerical scheme, such as ours, one expects a ~ 2. 
For the purposes of these tests we required that !::..8 = !::..ry. As in previous work [16] 
we performed most of the tests with a unit lapse. We found, in general, that all 
quantities converged to second order with slight variations throughout the domain. 
This applied to both high amplitude Brill wave data sets and rapidly rotating data 
sets. In Fig. 6.5 we show the result of a convergence test for a pure Kerr spacetime with 
J = 5 (this turns out to have ajm = .676). We evolved it at three different resolutions 
corresponding to 75, 150, and 300 radial zones and checked the convergence of the 
radial variable A. The results are shown after 4.8M. In two places the direction 
of the convergence changes, making the convergence almost impossible to measure 
there. These points are each labeled "crossing point" in the figure. These results are 
typical for a variety of convergence tests we have performed. 
6.3 Comparisons 
6.3.1 Comparison with lD codes 
In this section we discuss the evolution of the metric functions, both to compare the 
present code to the non-rotating NCSA code, and to show what effect rotation has on 
the system. For these purposes we compare and contrast the evolution of two different 
black hole spacetimes representing a wide range of the kinds of problems our code can 
evolve. The first is a pure Schwarzschild black hole, evolved with a symmetric lapse. 
This has become a classic test problem for black hole codes [8, 16, 17]. Because 
the system can be evolved very accurately in 1D (given sufficient resolution), and 
also because it is a difficult problem due to very large peaks that develop in the 
solution [54], it is a strong testbed calculation. In Fig. 6.6 we show a comparison of 
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Figure 6.5: This figure plots the convergence exponent 0' as a function of radial 
coordinate ry for the radial metric variable A = grrrJii!4 (where W is a conformal 
factor) of a Kerr black hole spacetime with J = 5, as measured along e = 1r j 4, 
evolved to t = 4.8M. As discussed in the text, 0' was measured by evolving the 
spacetime at 3 different solutions. As our methods are second order, we expect to see 
roughly a horizontal line at 0' = 2 ( 0' is the order of convergence). The points labeled 
"crossing point" are places at which the direction of the convergence is changing, and 
we do not expect to be able to measure the convergence well at these points. 
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our new code for rotating spacetimes with a lD code described in Ref. [16]. Both 
codes were run with the same radial resolution, tlry ~ 0.020, with the same time 
steps D..t = tlry. In the 2D case the angular resolution was taken to be fl() ~. 0.033 . 
The radial metric function A is shown at several times for both codes. Only a single 
angular zone is shown: The initial data are spherically symmetric, and our codes 
maintain this symmetry to a high degree of accuracy throughout the evolution. All 
other angular zones are indistinguishable. The agreement between the two codes is 
excellent, through the timet = lOOM shown here. It is important to note that the 
2D evolution was performed as a full 2D problem without specializing it in any way. 
For example, the maximal slicing equation was solved as a full 2D elliptic equation 
in the 2D code, whereas it is solved as a simple ordinary differential equation in the 
lD code. 
A key feature of this and the other black hole spacetimes studied here is that 
constant TJ observers fall inward toward the singularity, actually passing through the 
horizon in finite time. As a result, more and more grid zones represent regions inside 
the horizon as the evolution progresses. Because of the differential rate at which 
these observers fall through the horizon the grid stretches, creating a sharp peak in 
the radial metric function A as the evolution continues, as shown in Fig. 6.6. This 
effect assures us that the code will eventually become inaccurate and crash. This is 
the bane of all black hole evolution codes at present, and is the main motivation for 
considering apparent horizon boundary conditions that can, in principle, eliminate 
this problem (54, 9]. 
We have also evaluated the error in the Hamiltonian constraint. This error is in 
the form of a mass density which is given by 
( 6.11) 
The error in this quantity is dominated by the axis instability. However, because 
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Figure 6_6: This plot compares a lD code to our 2D code for a Schwarzschild space-
time. Each solid (dashed) line represents the metric variable A = g.,r,Jii!4 (where rJ is 
a logarithmic radial coordinate and W is a c-onformal factor) from the 2D (lD) code 
at a time interval of 10M, beginning with 10M and continuing to lOOM. 
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this instability grows most rapidly near the horizon its effect on the code is partially 
cancelled by the collapse of the lapse. Because we are not as interested in violations 
of the Hamiltonian constraint inside the horizon, since this should not affect what 
happens outside for hyperbolic evolution, we will be more interested in the quantity 
aJpJ. (Although we do solve elliptic equations, which propagate information instan-
taneously, these equations are for gauge conditions. An "error" in a gauge condition, 
which is arbitrary, does not affect physical results in principle.) The maximum error 
in this quantity as a function of time for various runs is plotted in Fig. 6. 7. Our evo-
lutions are generally unable to proceed past the point where this maximum density 
passes unity. The Hamiltonian constraint violation illustrated by the maximum error 
is dominated by the axis instability, and highly localized. 
Because of the strong locality of this error and the hyperbolic nature of our evo-
lution, we do not feel, however, that the maximum error provides us with the best 
understanding of the overall accuracy of the code. For this reason we also consider 
the average value of JpJ over the grid (weighted by the lapse function a). We provide 
a plot of this measure of the error for the same runs in Fig. 6.8. It should be noted 
that this quantity is generally 4 - 8 orders of magnitude smaller than the maximum 
error on the grid for all runs considered. The runs that represent distorted spacetimes 
are initially less smooth, and for this reason the Hamiltonian violation, is larger than 
for Schwarzschild. However, it is small and grows at a rate comparable to that of the 
Schwarzschild evolution. 
6.3.2 Comparison with the 2D codes 
Although the lD problem is a good test of the longitudinal component of the field it 
does not test the code's ability to handle a highly non-spherical, distorted black hole. 
The next case we consider is a distorted, non-rotating black hole with a Brill wave, 
labeled run rO and is specified by ( Q0 , ry0 , a, J, n) = (1.0, 1.0, 1.0, 0.0 , 2). Initially, 
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Figure 6.7: In this plot we show the maximum violation in the Hamiltonian constraint 
function alp I on the grid. The error is dominated by the effects of the axis instability 
and is highly localized there, and evolution becomes impossible shortly after this error 
exceeds unity. The error is measured in units of MA.bM· 
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Figure 6.8: In this plot we show the average of the Hamiltonian constraint function 
IPI (weighted by the lapse function). The errors for distorted black holes is noticeably 
larger since these functions are initially less smooth. The error is measured in units 
of MAhM· 
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this data set is a highly distorted and nonspherical black hole that evolves in an 
extremely dynamic way, so it is a very strong test case for this new code. In Fig. 6.9 
we show the evolution of this distorted non-rotating black hole spacetime obtained 
with our code, and compare it to the same evolution obtained with the code described 
in Ref. [8, 16]. The radial metric function A = 9TJrJii!4 is shown at timet = 60M. 
Only a single angular zone is plotted ( (} = 1r /2), as by this time the developing 
peak is quite spherical and nearly independent of 0. In the figure we compare the 
evolution obtained with the rotating code with symmetric lapse, antisymmetric lapse 
conditions, and the non-rotating code of Ref. [8, 16] with symmetric lapse. When the 
same lapse conditions are used, both codes show excellent agreement. Note also that 
even with an antisymmetric lapse (though the early evolution is not shown) the runs 
will be noticeably but minimally different at late times. This is the first time these 
data sets have been evolved with this antisymmetric slicing condition. 
We have compared many other aspects of results of our code with those obtained 
with the code described in Ref. [8, 16] and find excellent agreement for metric func-
tions, extracted waveforms, horizon masses, etc. The comparisons have been per-
formed for a wide range of data sets. A detailed study of horizons and waveforms will 
be presented in chapter 7. 
6.3.3 Rotating spacetimes 
Rotating spacetimes differ only slightly from the picture discussed above. Constant 
ry observers along the equator are, in general, rotating about the black hole. Because 
of this, their fall through the horizon is slower and grid stretching is less near the 
equator. The peak in the metric function A is, therefore, lesser in magnitude here. 
This gives the data for a rotating black hole spacetime an obvious angular dependence 
not present in distorted non-rotating metric data. 
The pure stationary Kerr spacetime is, in general, much less stable numerically 
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Figure 6.9: In this figure we compare several calculations of the radial metric function 
A at time t = 60M for run rO (a distorted black hole with no angular momentum 
nor odd-parity distortion). Three results are shown: both codes were run with a 
symmetric lapse across the throat, and the present rotating code was also run with 
an antisymmetric lapse across the throat. We see that the rotating and non-rotating 
code produce practically identical results for the symmetric lapse. We also see that 
the antisymmetric lapse produces similar results, except near the throat where it must 
be different. 
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than the Schwarzschild, or even the distorted Kerr, and special care is required to 
evolve it. We have two methods which we use to carry out the evolution. The first is to 
use a lapse which is symmetric across the throat. We begin our discussion of rotating 
black hole evolutions by showing a surface plot of metric variable A = g'r/TI/IJ!4 for a 
symmetrically-sliced high resolution (300 x 30) J = 5 (a/m = .68) Kerr spacetime 
in Fig. 6.10. The error in J as computed by Eq.(l.7b) reached a maximum error 
of 3.6% over the grid at this late time, and occurs over the peak in gTJTJ· This is 
an important and nontrivial test, as J must be conserved during the evolution even 
though the different metric and extrinsic curvature components entering Eq. ( 1. 7b) 
evolve dramatically. 
Next we consider this same spacetime with an antisymmetric lapse. The anti-
symmetric, maximal sliced Kerr spacetime is actually a time independent analytic 
solution, but it is numerically unstable. Any slight numerical error will destroy the 
perfect balance between the Ricci terms and the derivatives of the lapse in the ex-
trinsic curvature evolution equations. Then the solution will evolve rapidly, behaving 
much like the symmetrically sliced Kerr spacetime. In order to evolve this system 
stably for long times, we force metric variable F = go¢/W4 to be zero at all times (In 
this stationary spacetime this must be true). Extending the grid to larger radii is also 
helpful. When both of these things are done we are able to evolve past 50M before 
serious problems develop. The J = 5 Kerr evolution with an antisymmetric lapse at 
the throat begins to look like the symmetric lapse run at late times. A peak forms 
in the radial metric function A, although a much smaller one than is seen with the 
symmetric lapse. This is illustrated in Fig. 6.11. Because the lapse is collapsed in the 
inner region a is virtually zero over a number of grid zones and this satisfies both the 
symmetric and antisymmetric conditions to a good approximation. Note that even 
the Schwarzschild spacetime is difficult to evolve with an antisymmetric lapse since 
the axis instability becomes quite serious at about 60M. The error in J as computed 
75 
A at t.=80M 
Figure 6.10: This surface plot shows the radial metric function A= g11,..JY.!4 (where"' 
is a logarithmic radial coordinate and W is a conformal factor) at timet = 80M for an 
antisymmetrically sliced Kerr spacetime with J = 5 (a/m = .68). The characteristic 
peak in A is well-developed and its angular dependence, explained in the text, IS 
clearly visible. 
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Figure 6.11: This surface plot shows the radial metric function A= gTJTJ/W4 (where ry 
is a logarithmic radial coordinate and 1J! is a conformal factor) at time t = 50M for 
an antisymmetrically sliced Kerr spacetime with J = 5 (a/m = .68). At this high 
resolution (300 x 30), the axis instability sets in shortly after this time. 
by Eq. (1.7b) reached a maximum error of 1.6% over the grid. 
Finally, we present a distorted rotating black hole. Calculation labeled run r4 
IS specified by ( Q0 , ry0 , a, J, n) = (1.0, 1.0, 1.0, 10.0, 2). On a 300 X 48 grid, the 
maximum error in the momentum integral was 1.6%. Again, at this high angular 
resolution the axis instability develops rapidly after about t = 70M, causing the code 
to crash. Lower resolution runs can be carried out past t = lOOM with similar results . 
In Fig. 6.12 we show a surface plot of the radial metric function A for the rotating 
hole at timet = 60M. Although the familiar peak develops in this function, it does 
develop the expected angular dependence. This is typical of all our rotating black 
hole evolutions. 
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Figure 6.12: This is a surface plot of metric function A = gTJTJ/'I!4 (where 17 is a 
logarithmic radial coordinate and lJ! is a conformal factor) at time t = 60M for the 
distorted rotating black hole run labeled r4. The presence of a <P shift in the evolution 
means 17 = constant observers near the equator feel a "centripetal force" and fall in 
more slowly. This results in less grid-stretching, and a lower peak there. 
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Another typical feature of these spacetimes is "slice-wrapping," discussed in sec-
tion 6.1.1. This name refers to the fact that slices inside the horizon approach a limit 
surface with roughly constant r value. This is connected to the discussion of the 
limit surfaces above, but here we use this feature to illustrate the full 2D behavior 
of the metric functions to show that they evolve as expected. As a result of slice-
wrapping, in our spacetimes the value of 'I! 2 .Ji5 (which is the circumferential radius 
when evaluated at () = 1r /2) becomes constant over larger regions of the spacetime as 
the evolution continues. In a non-rotating spacetime with a lapse that is symmetric 
across throat this value goes to 3M /2. These spacetimes have a different limiting 
value, as discussed in section 6.1. In Fig. 6.13 we show an example of this effect for 
the spacetime labeled r4. The slice-wrapping effect is clear inside the radius of about 
17 :=:;j 2. 7 where the slice moves out away from the limit surface, out across the horizon. 
From studies of horizons of black holes like those in Ref. [6), we know the horizon is 
located near 17 = 2. 7. 
The strong internal structure evident in D = g,p,pf\I!4 well inside the black hole, 
near the throat (77 = 0), is a remnant of the initial Brill wave, indicating that this black 
hole was initially quite distorted. This structure developed early on as gravitational 
waves propagated into the hole, but was "frozen in" as the lapse collapsed rapidly in 
this region of the spacetime. 
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Rat t.=60 M 
Figure 6.13: This surface plot is of the function R = 'l12 D112 for the run labeled r4. 
Along the equator this value is the equatorial circumferential radius. This plot shows 
that the "slice-wrapping" effect affects a large portion of the grid. 
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Figure 6.14: This surface plot depicts metric variable B = goo j'I!4 (where 'If is a 
conformal factor) at time 70M for the run labeled r4. Note that the angular shape 
of the Brill wave on the initial data slice is preserved at the throat, but outside this 
region it becomes very close in value to metric variable D = 9¢¢/W4 • 
A similar behavior is observed in the metric variable B = g00 j'I!4 as in D, except 
that while D = 1 initially, B = e2(q-qo) and so the antisymmetric lapse "freezes in" 
these different functions at the throat. Because the spacetime can evolve even a 
short distance away from there a sharp peak develops at the throat with this slicing 
condition. Fortunately, the lapse is always small in this region and the code does not 
suffer as a result. In Fig. 6.14 we show the behavior of B, and Fig. 6.15 we show the 
behavior of D . In both plots we are looking at run labeled r4 at time 60M. At high 
resolution (300 x 48) the axis instability becomes serious at about 70M, but with 
lower resolutions it can go past lOOM. 
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D at t.=60M 
0.0 
Figure 6.15: This surface plot depicts metric variable D = 9¢¢/W4 (where 'I! is a 
conformal factor) at time 60M for the run labeled r4. Note that at the throat D = 
9¢¢/W4 has value 1, as it does in the initial data. Farther from the throat it has the 
same value as B = goo j'I!4 • 
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Chapter 7 
Physics of Rotating Black Hole 
Evolutions 
7.1 Near Zone Physics 
In this section, we discuss details of the "near zone" evolution of several black holes, 
focusing on the apparent horizon. We present an apparent horizon finder, and discuss 
the dynamics of the apparent horizon as a tool to study the physics of the near zone. 
Although extremely important to the numerical evolution, the behavior of the metric 
functions themselves generally does not illuminate the physics of the system, and is 
not discussed here. 
7.1.1 Horizons 
In this section we examine the properties of the black hole apparent horizons in the 
spacetimes evolved here. The apparent horizon is defined as the outermost trapped 
surface. Because a knowledge of the future is required to identify the event horizon, 
II Case II J I a/m II 
k1 2.5 .481 
k2 5.0 .677 
Table 7.1: This table gives summary data for evolutions of pure Kerr spacetimes. J 
is the total angular momentum of the spacetime, ajm is the usual rotation parameter 
in the Kerr metric. 
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II Case II 1 I Qo I (}I 1]o nl n' II 
rO 0.0 1.0 1.0 1.0 2 N/A 
r1 2.5 1.0 1.0 1.0 2 N/A 
r2 5.0 1.0 1.0 1.0 2 N/A 
r3 10.0 1.0 1.0 1.0 2 N/A 
r4 10.0 0.5 1.0 0.0 2 N/A 
r5 15.0 0.0 N/A N/A N/A N/A 
II ~~ II ~:~ I ~:~ I 2.0 IN/A I ~ II 
Table 7.2: This table gives input parameters for each of the runs. J describes the 
amount of angular momentum in the system, Q0 the amplitude of the Brill wave 
placed in the spacetime, u gives the width of the Brill wave, gives 7]o the location of 
the peak of the Brill wave distortion, and the parameters n (n') describe the radial 
dependence of the distortion in the metric (extrinsic curvature). 
the concept of an apparent horizon is useful in numerical relativity. The location of 
the apparent horizon depends only on information known within a given time-slice, 
is always inside the event horizon [38) and it coincides with the event horizon in a 
stationary spacetime. As shown in Ref. [7), where studies of perturbed event and 
apparent horizons were made, apparent horizons can closely approximate the event 
horizons even in dynamic spacetimes, and share many dynamical features with them. 
For now we focus on the apparent horizon, but will treat the event horizon of highly 
distorted black holes in a future work. 
Mathematically the apparent horizon condition is expressed by requiring the ex-
pansion of all outgoing null normals to the surface to vanish. This condition can be 
written as [61) 
(7.1) 
where sa is the outward pointing normal vector to the surface in the three dimensional 
subspace. If such a surface exists, it is said to be a marginally trapped surface. In 
some cases multiple surfaces satisfying this condition can be found, and the outermost 
one is then defined to be the apparent horizon. The apparent horizon finder searches 
for a solution to this equation by making an initial guess, and then iteratively solving 
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the above nonlinear equation via the Newton-Raphson method until we obtain the 
desired accuracy [6]. 
The initial guess that we use is an TJ =constant surface where the value of TJ used 
is the outermost value which satisfies the condition 
O = 1 (/J11W o11 D) _ 2HD wzv(4 w + D D (7.2) 
on the equator ( () = 7f /2). This may be interpreted as the condition that the light rays 
confined to the equatorial plane have null-expansion. The radius thus determined 
provides us with a good estimate of the position of the apparent horizon. This 
technique proved valuable because it made it easier to follow the horizon when it 
jumped outward from the throat at about t ~ 10M. This particular complication is 
a result of using an antisymmetric lapse that vanishes on the throat of the black hole, 
preventing evolution there (except through the shift terms). The initial apparent 
horizon is usually located on the throat (the throat is guaranteed to be a minimal 
surface, but not necessarily an apparent horizon). With a lapse that vanishes on the 
throat, the horizon often remains there until some evolution has occurred, at which 
point it may jump out discontinuously. This technique does not require the horizon 
position from previous time steps to be recorded, allowing us to find the horizon as 
infrequently as we wish, or to find it again if it becomes lost. This trick has been 
quite successful and uses up little CPU time. Once we have located the horizon with 
this method, it can be analyzed to provide physical information as we describe in the 
following sections. 
Masses 
In addition to the ADM mass, which was calculated on the initial slice, we are in-
terested in obtaining a dynamic mass during the evolution. The measure we will use 
for this is an "areal mass" based on the irreducible mass (as given by the apparent 
horizon) and the angular momentum of the black hole. 
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The horizon finder returns the location, rt( 8) of the apparent horizon on a given 
slice. In order to study the geometric properties of the horizon, from which important 
physical information can be obtained, it is useful to determine the two-dimensional 
sub-metric induced on the surface by defining a new coordinate e by the equation 
rt = rt (8) ( We now have 
dl' = W4 ( Ade + ( B + Ae (~~:e))') dO'+ Dd</>2 + 2Fd</>d0) (7.3) 
The sub-metric that we are interested in may be found by letting e be equal to 1. 
The surface area of the horizon is, therefore, 
(7.4) 
For a Schwarzschild black hole the mass is given by Mir below, and for a Kerr black 
hole the mass is determined by both the surface area and angular momentum of the 
hole (27], according to the relationships 
(7.5a) 
and 
(7.5b) 
Although our spacetimes are not stationary and hence the apparent horizon does 
not coincide exactly with the event horizon, these are quite useful quantities to take 
for the dynamical mass. The above formulations describe the minimum mass of 
the final Kerr black hole that is possible at the end of the evolution1 However, as 
shown in Refs. (7, 44] the event and apparent horizons are often quite close, even in 
1 Note that if J / M;~ > 2 then as the horizon area increases MAH will actually decrease. However , 
no Kerr solution has this perverse value of J / M;~, and the final solution we evolve towards must be 
a Kerr solution . In an axisymmetric spacetime this means, therefore, that during the subsequent 
evolution the hole's area must increase until it is at least MAH = VJ. This extreme case does not 
occur in any spacetime considered here. 
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dynamic spacetimes, and the mass described in Eqs. (7.5) should often be a good 
approximation to the event horizon based mass. The masses computed in this way 
will be used extensively in analyzing the evolutions presented in section 7.3 below. 
Oscillations 
Once we have the 2-metric on the horizon's surface we can measure the horizon 
geometry. An example of such a measurement is Cr, the ratio of polar circumference 
( Cp) to the equatorial circumference ( Ce) of the apparent horizon. The horizon of 
a stationary black hole has a characteristic shape that depends upon its rotation 
parameter afm [56]. For a stationary or a dynamic black hole, this shape can be used 
to obtain the rotation parameter, as discussed in Ref. [6]. There it was shown that 
the horizon oscillates about this equilibrium stationary shape with the quasinormal 
mode frequencies of the black hole. We can plot the shape parameter Cr as a function 
of time to measure these horizon dynamics. Here we extend this technique and apply 
it to new spacetimes not considered in Ref. [6] . 
To obtain the polar and equatorial circumferences we first transform the two-
metric so that it becomes diagonal. This is accomplished by introducing a new co-
ordinate, X. The metric on the two surface defined by the apparent horizon now 
becomes: 
dx d</J- D ~ 0do (7.6a) sm 
B' W4 ( B +A ( ~; ( 8) r + ~) (7.6b) 
F' 0 (7.6c) 
D' w4 D. (7.6d) 
The polar circumference and the equatorial circumference may now be defined as: 
(7 .7a) 
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and 
(7.7b) 
It was shown in previous work [6] that the f = 2 and f = 4 quasinormal mode 
(QNM) frequencies can be seen in the function Cr, which can also be analyzed to 
obtain the rotational speed (a/m) of the spacetime. This is accomplished by first 
fitting Cr to the fundamental f = 2 QNM, the first overtone f = 2 QNM, and a 
constant offset from unity. We assume that the oscillations are dominated by the 
f = 2 quasinormal ringing radiation going down the horizon. As discussed in Ref. [6], 
the ringing radiation is generated at the "peak of the potential barrier" located outside 
the horizon. Part of this signal propagates away from the hole and part goes down the 
hole, causing the horizon to oscillate as the signal crosses it. The offset is used in the 
fit because a rotating black hole will not be spherical (a sphere would have Cr = 1) 
but should be oblate (in equilibrium), producing an "offset" in Cr. The fitted value of 
the constant offset can then be used to obtain the value of a/m for the surface, since 
for a Kerr black hole the oblateness is a unique function of the rotation parameter. 
(We note that the following function is an approximation generally accurate to within 
2.5% for ajm as a function of Cr: ajm = Vl - ( -1.55 + 2.55 Cr )2 .) In Table 7.3 we 
show the value of the rotation parameter ajm for the family of data sets labeled r0-r5 
obtained with this method. 
Finally, as the horizon oscillations should be caused by radiation from all black 
hole modes excited during the evolution, not just the f = 2 modes, one can analyze 
the function Cr for other modes as well. For example, the fit to the shape parameter 
in terms of the f = 2 QNM expansion functions can be subtracted from the actual 
function Cr, leaving a residual of higher modes. In Ref. [6] we showed how this 
remaining signal was dominated by f = 4 QNM's for some spacetimes. 
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Case (ajm)min (ajm)max (ajm)cr 
rO .000 .000 .000 
r1 .342 .600 .351 
r2 .432 .698 .436 
r3 .511 .759 .512 
r4 .696 .827 .703 
r5 .868 .886 .870 
II ~~II .480 I .675 .481 I .677 
Table 7.3: This is a table of ajm values calculated from the initial data. (ajm)min = 
J j M1vM on the initial slice and will be the final value if all the energy in the spacetime 
goes into the horizon, and (ajm)max = JfM1H on the initial slice which will be the 
final value if the surface area of the horizon does not increase during the evolution. 
The parameter (ajm)cr is the angular momentum extracted from the horizon. 
For the odd-parity distorted holes ( ol and o2, not shown), the oscillations in Cr 
are second order in the metric perturbation. As a result the spectrum of frequencies in 
the surface vibrations that result from the f = 2 and f = 3 QNM's will be much larger. 
Therefore the oscillations are more complicated than in the previous cases. Further 
details of the surface oscillations of these black holes will be given in section 7.1.2. 
In Fig. 7.1 we plot Cr as a function of time for simulation r4. This is a distorted 
Bowen and York hole rotating quite rapidly. The s<.;>lid line shows the value of Cr 
extracted from the horizon. The dashed line shows the fit to the two lowest f = 2 
QNM's, and the straight horizontal dashed line shows the constant offset that came 
from the fit. Note that the fit matches the oscillation quite well except at very late 
times, when we expect the code to be less accurate, particularly near the horizon 
where metric functions tend to develop steep gradients [54). This analysis shows that 
the black hole is oscillating about a Kerr black hole with a rotation parameter of 
ajm = 0. 70, consistent with estimates made on the initial slice. 
In Fig. 7.2 shows a similar plot for the function Cr and its fit for run r5. Run 
r5 differs from runs r0-r4 in that r5 is a pure Bowen and York black hole. It is thus 
much more noticeably oblate, with Cr ~ 0.81 , as opposed to Cr ~ 0.89 for the run 
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Figure 7.1: In this figure we plot the function Cr (the ratio of polar to equatorial 
circumference of the apparent horizon) as computed by our code for run labeled r4, 
a distorted rotating black hole. We have removed the early part of this plot where 
the horizon "jumps out" so that we can more clearly see the surface oscillations. The 
line labeled "equilibrium" is the offset from sphericity determined by our fit . This 
offset implies the system is oscillating about an "equilibrium" Kerr black hole with a 
rotation parameter of ajm = .70 black hole. 
\, 90 
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Figure 7.2: This figure shows Cr (the ratio of polar to equatorial circumference of 
the apparent horizon) as a solid line and an f = 2 quasinormal mode fit form run r5. 
The horizontal short and long dashed line is the offset from sphericity, determined 
by the fit, showing that the black hole is oscillating about a Kerr hole with rotation 
parameter ajm = 0.87. 
labeled r4 . In this case the analysis shows the rotation parameter to be ajm = 0.87. 
Table 7.3 gives the results of extracting ajm by this method in column 3 for 
runs r0-r5. This table shows that in all cases the value extracted from Cr during 
the run is very nearly the lower limit, JfM1vM· This means that in the runs under 
consideration in this chapter nearly all the radiation is going into the hole, because 
the hole achieves nearly the maximum possible mass (or minimum possible rotation 
parameter) . 
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Em beddings 
A valuable feature of the horizon geometry is its three-space embedding. By em-
bedding the horizon we can obtain a visual impression of its overall distortion in 
a coordinate independent way. The Kerr geometry is a sphere in Boyer-Lindquist 
coordinates, but it is not so when embedded in three-space. Instead it is an oblate 
spheroid that becomes increasingly flattened along its axis of rotation as its spin in-
creases. If its rotation parameter ajm exceeds .J3/2 it is impossible to completely 
embed the figure in fiat space, as shown by Smarr [56]. 
The procedure for finding the embedding starts by defining a new coordinate z 
which is part of a fiat 3-metric and is identified with the 2-metric of our surface: 
(7.8a) 
Solving this expression for z gives 
(7.8b) 
and 
p = .JD. (7.8c) 
This equation is then integrated numerically to obtain the embedding functions 
z(O) and p(O). In Fig. 7.3 we show the embedding of the evolving horizon for run 
r4. At time t = 5M the horizon is still frozen and has its initial prolate shape with 
Cr = 1.228. At timet = 10M the horizon has become noticeably oblate, overshooting 
its equilibrium value, and by the late time of t = 50M it has settled down to very 
near its equilibrium Kerr value. The dark solid line shows the shape of the Kerr hole 
with the rotation parameter determined from the procedure above. (The area has 
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Figure 7.3: This figure shows the 3-space embedding of the distorted rotating black 
hole run labeled r4 at various times. Although the black hole's apparent horizon is 
initially prolate, it eventually settles down to the appropriate oblate Kerr black hole 
shape denoted by a dark solid line. 
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been normalized to take account of the difficulty of resolving the peak in A that can 
cause the area to grow spuriously, as discussed below and in Ref. ( 6].) 
For a Kerr black hole, when the rotation parameter a/m becomes large enough 
and the integrand of Eq.(7.8b) becomes imaginary, the embedding ceases to exist. 
However, this generally happens only over a small portion of the horizon surface, 
near the symmetry axis. This embedding failure will begin to occur when a/m = 
..J3/2 ~ 0.87 M. The angle e (measured from the z-axis) at which the embedding 
should cease to exist can be found. The equation for this angle is 
5 + 3b 4 2x113 
cos2 e = - + ------,-,-
3 (b- 1) 3 (1- b)2/ 3 x 1/ 3 3 (1- b)4 / 3 ' (7.9a) 
where 
X = 17 +lOb+ 3)3 (11 + 12b + 4b2 ), (7.9b) 
and 
b=V1-(a/mt (7.9c) 
Note that for the region e >= .471" the embedding never disappears. 
This effect can actually be used to measure the rotation parameter for rapidly 
rotating holes. For a dynamic rotating black hole, as shown above the horizon ge, 
ometry will oscillate about the stationary Kerr shape. For an extremely fast rotator 
or highly distorted black hole the oscillations may distort the horizon so much that 
the embedding fails at times during the evolution (or in extreme cases the embedding 
may never exist). In Fig. 7.4 we plot the value of 0 for which the embedding fails as 
a function of time for the case r5. This is a pure Bowen and York hole with J = 15, 
corresponding to a/m = 0.87. 
The run labeled r5 is the fastest rotating black hole we have simulated to date, 
and it pushes the limits of our code, but it nevertheless produces a good result, in 
agreement with theory. The straight horizontal line represents the embedding limit of 
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Figure 7.4: This plot shows the position at which the Euclidean 3-space embedding 
of the apparent horizon vanishes for run labeled r5,· a Bowen and York rotating black 
hole, with angular momentum parameter J = 15 (solid line). As discussed in the 
text, for rapidly rotating holes the horizon embedding fails near the axis at an angle 
determined by the rotation parameter. The dashed line shows the angle at which the 
embedding fails for an "equilibrium" Kerr black hole with ajm = 0.87. 
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the analytic Kerr solution with the given value of ajm = 0.87, which was the rotation 
parameter that was extracted from the oscillation about Cr as discussed above. Note 
that this black hole horizon is never globally embedded in three dimensional Euclidean 
space, although the horizon always exists. Note also that by measuring the horizon 
geometry, we can determine the rotation parameter at least two different ways: by 
measuring Cr as in Fig. 7.1 (see discussion above), and by measuring the angle at 
which the embedding ceases to exist (although this only works for holes which have 
ajm > -/3/2). Furthermore, these measurements agree with estimates ofthe rotation 
parameter determined from the initial data alone. 
7 .1.2 Horizon History Diagrams 
As we have shown in Ref. [6] it is useful to construct a "horizon history" embedding 
diagram, that shows the evolution of the surface in time. In order to bring out details 
of the local curvature of this surface, we also compute the Gaussian curvature K of the 
horizon surface and map it to a colormap or greyscale. For details of this construction 
we refer the reader to Ref [6], but for reference we present the formula for Kerr here: 
8 ( -1 + 5 b - 3 cos(2 B) + 3 b cos(2 B)) 
K, = 3' (1 +b) m 2 (3 + b + cos(2 B)- b cos(2 B)) (7.10) 
where b = J1- a 2 /m2 as before. The mapping of the Gaussian curvature onto the 
surface helps to bring out small deviations in the local curvature of the surface that 
would not be apparent in the embedding diagram itself. 
In Fig. 7.5 we show a horizon history embedding diagram for the case ol, which is 
an odd-parity distorted non-rotating black hole. As we discuss in detail in section 7.3, 
this data set has predominantly .e = 3 radiation (99% of the total energy radiated 
is carried in this mode). As in the cases shown in Ref. [6], each £-mode pattern is 
qualitatively different from the ones studied previously. In Fig. 7.6 we show a similar 
diagram for the run labeled o2, which has a significant .e = 5 component. Again, the 
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Gaussian Curvature For Run ol 
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Figure 7.5: We show the horizon history diagram for the run labeled ol. The Gaussian 
curvature "' is mapped to a grayscale on the surface of the horizon. The vertical axis 
gives the angular location on the horizon, and the horizontal axis traces out the time 
development. As discussed in the text, we see a pattern that repeats at twice the 
f = 3 QNM frequency in accord with theoretical expectations. In the figure, dark 
regions are more highly curved than light regions. 
pattern is qualitatively different from the f = 3 (or f = 2 or f = 4) pattern, and has 
not been seen before. 
These distinctive patterns can be understood by analyzing the expression for the 
gaussian curvature. The metric variable F enters the Gaussian curvature as a second 
order term (to first order it vanishes identically). This function carries the odd-parity 
radiation in our gauge, as discussed below. Therefore if F oscillates predominantly 
at the f = 3 normal mode frequency denoted by we=3 , then the period of oscillation 
one will see in the Gaussian curvature plot will not be we=3 due to this nonlinearity. 
Instead one will see 2we=3 , so the pattern cycle will repeat twice as quickly as it would 
have ifF had entered the Gaussian curvature to linear order. This is what one sees 
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Gaussian Curvature For Run o2 
0 10 20 30 40 
Figure 7.6: In this plot we show the horizon history diagram for the run labeled o2. 
Hence the Gaussian curvature shows a diamond pattern, a result of the mixing of 
several frequencies of the f. = 3 and f. = 5 quasinormal modes. In the figure, dark 
regions are more highly curved than light regions. See text for details. 
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in Fig. 7.5. The pattern repeats every t ~ 5.24M instead of every t ~ 10.48M, which 
is the period of the f.. = 3 fundamental mode. 
In Fig. 7.6 the f.. = 5 modes are present to a much stronger degree, so we see a 
mixture of the f..= 3, and f..= 5 modes. This creates a diamond pattern reminiscent of 
the diamond pattern seen on the surfaces of even-parity black hole horizons generated 
with ann= 4 perturbation, as described in Ref [8). In general, however, this pattern 
is more complicated than the n = 4 pattern, as it should include four frequences: 
2we=3 , we=3 ± we=5 , and 2we=5. 
7.2 Far Zone Physics 
7.2.1 Wave Mode Extraction 
In previous sections we have analyzed properties of the near zone features of these 
new black hole data sets, focusing on geometric measures of the horizon. These effects 
provide important probes of the physics of the near zone, and can also be used to 
determine important properties of evolving black holes that may not be known, but 
for the most part these effects are not measurable by gravitational wave experiments 
such as LIGO. In this section we turn to analysis of the physics of the far zone, where 
important features such as gravitational waves can actually be observed. 
One of the principal features of a dynamical black hole spacetime which has been 
possible to study analytically is linearized gravitational waves. Therefore, it is use-
ful for us to measure them in highly distorted black hole spacetimes to determine 
information that linear theory cannot predict, such as the final mass of a black hole 
in a perturbed spacetime, or the waveform emitted during the nonlinear generation 
of gravitational waves, and to provide several useful checks of our code. Although 
the processes that generate these waves may be highly nonlinear, far from the hole 
the waves may be treated as linear perturbations on a fixed background. For all the 
simulations presented in this thesis we extracted the radiation at a distance r = 15M. 
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The radiation energy in a black hole spacetime is described by certain gauge-
independent variables constructed from the metric and its derivatives. The technique 
was originally developed by Abrahams and Evans [3] and applied to black hole space-
times in Ref. [1]. There are two classes of gauge-invariant radiation quantities repre-
senting the two degrees of freedom of the field, even-parity and odd-parity. Both are 
present in our spacetimes and we describe them below. 
Even-parity 
We used the same wave extraction routines for the even-parity wave forms as used in 
Ref [1]. The routines were developed to extract waveforms from perturbed Schwarzschild 
black hole spacetimes that oscillate about a spherical background. Because the dis-
torted Kerr metric does not settle down to something that is spherical, but rather it 
settles down to something oblate, we should expect to see this effect in the extraction 
process, resulting in an offset in the f. = 2 and f. = 4 waveforms. Thus, the wave does 
not oscillate about zero, but instead will be offset from zero depending on both the 
rotation parameter and the radius at which the wave is extracted. 
However, the level of this offset is small and its variation rather too sensitive so 
that we have not been able to use it to measure the rotation parameter reliably. 
As shown below, we do see this effect in waveforms extracted from distorted rotating 
black holes, and the offset value is related to the rotation parameter as expected. The 
offset we obtain from the waveforms is of the right general magnitude and sign for a 
given rotation parameter. In principal one can account for the fact that the system is a 
perturbed Kerr black hole, but to date we have not carried out this analysis. However, 
as we show below, the extraction assuming a spherical Schwarzschild background can 
be quite useful without modification. 
The even-parity wave extraction is given here. Note that this extraction formula 
assumes a Schwarzschild background. For each £-mode we can extract independent 
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radiation waveforms. The gauge invariant, even-parity wave function is given by 
'lj; ev en = 
and 
2(£- l)(f + 2) (4rS2 k2 + f(f + l)rkt) 
f(f + 1) A 
6M 
A= f(f + 1)- 2 + -, 
r 
where the Moncrief functions (48] are given by 
with 
s 
r 
2M 1--
e11 
' 
r 
, 
(7.11a) 
(7.1lb) 
(7.11c) 
(7.11d) 
(7.11e) 
(7 .llf) 
and finally the Regge-Wheeler [51] perturbation functions are defined in terms of the 
3-metric via 
G 
K 
(7.11g) 
(7.11h) 
(7.11i) 
(7.11j) 
(7.11k) 
With the normalization of 'ljJ given above one can show that the total radiated energy 
in each £-mode is given by 
(7.12) 
Complete details of this extraction procedure are provided in Ref. [1]. 
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Odd-parity 
In terms of the Regge and Wheeler formalism [51] there are various ways to construct 
the odd-parity gauge-invariant variable that measures the radiation in the system [48]. 
These measures are not linearly independent, and each is constructed from two of the 
variables E, F, and {3"' , which correspond to Regge and Wheeler's variables ht, h2 , 
and h0 after appropriate angular integrals have been performed. The gauge-dependent 
Regge-Wheeler variables can be extracted from the metric as 
ho = (7.13a) 
(7.13b) 
and 
(£ + 2)! f 4 (£ _ 2)! dOw F (oo- cot B) ooYto- (7.13c) 
From these perturbation functions one can construct the following gauge-invariant 
quantities, two of which are given in Ref (29]: 
7/Joz (7 .14a) 
(7.14b) 
and 
(7.14c) 
In our code we have used our gauge freedom to eliminate the metric function 
E (h1 ) and the method we use to extract the radiation is effectively Eq.(7.14c) . It 
is also possible to measure the odd-parity radiation through Eq.(7.14a) as we show 
below. Note that for the odd-parity case, there is no "non-spherical odd-parity" part 
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in a Kerr black hole (in 'lj;12 ) so there is no offset expected nor observed for these 
waveforms. 
The particular energy integrals for the odd parity modes are given here. Note 
that these expressions are specific to our gauge and a flat space background metric. 
We first normalize our gauge invariant odd-parity wave function, based on Eq.(7.14c) 
as follows : 
(7.15a) 
and 
(7.15b) 
For general f the energy expression is this 
(7.16) 
In principle one can extract arbitrarily high £-modes. In practice we have only 
examined the f = 3 and f = 5 modes to date. With these normalizations, the energy 
radiated by each £-mode is given by 
1 J 2 E=- dt'lj;, 
327r 
(7.17) 
as in Ref. (29] . 
7 .2.2 Measurement of Frequencies 
To analyze quantitatively the frequency spectrum of our radiation we used the follow-
ing Fourier technique. Because the quasinormal modes of black holes are all damped 
the Fourier spectrum of their frequencies will be spread out. To counter this effect , 
before analyzing a waveform we premultiply it by a factor exp(>.t), where>. is chosen 
to approximately cancel the effects of the damping (see Ref (23] for a discussion of 
such techniques). As it happens, the damping time for the fundamental mode is given 
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approximately by A~ .09/ M, relatively independent of the £-value, so this technique 
is helpful for all modes. 
We next decompose the frequency spectrum using the procedure described below. 
The technique used here to analyze the waveforms is preferable to an FFT, since an 
FFT may provide poor frequency resolution for the wavelengths under study unless 
the sampling interval (6.T) is quite long. For example, to distinguish between the 
peaks in £ = 2 and £ = 3 QNM's would require a "sampling period" greater than 
6.T ~ 60M of oscillations. The Fourier technique we present below, combined with 
the premultiplication technique, can distinguish between them with only about 6.T ~ 
17M of oscillations. We approximate the Fourier transform function and its inverse 
by 
}(w) 
f(t) 
where we have defined 
and 
r ( ) -iwt ·-a2 w2 f4 ui w = e • . 
(7.18a) 
(7.18b) 
(7.18c) 
(7.18d) 
In the above equations and f(t) is the Regge-Wheeler or Zerilli function, (fi, ti) are 
the set of points produced by the numerical code (we should find that fi ~ f ( ti)), 
and t is the time. The value of a was set to 6.t. 
Note that the presence of the first overtone of a quasinormal mode frequency can-
not be as easily detected with this technique (since the damping is so much greater). 
It manifests as a small shift in the position of the peak of the fundamental mode. 
The position of the peak will also be affected by the artificial growth in the mass 
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that occurs at late times, which is manifested in the waveform by lengthening of the 
wavelength of the radiation as discussed in Ref. [1]. This artificial lengthening will 
effectively add a mixture of other frequencies to the spectrum, further broadening the 
peak. 
7.3 Results and Discussion 
In this section we discuss results from evolutions of the initial data sets listed in Ta-
bles 7.1 and 7.2, combining many of the analysis techniques discussed in the previous 
sections. Together these tools provide a thorough and remarkably consistent physical 
picture of the evolution of these black hole spacetimes. 
7.3.1 Odd-parity Distorted Schwarzschild Black Holes 
In this section we give results for evolution of the new class of data sets we constructed 
and discussed briefly in Ref. (20]. These evolutions correspond to runs labeled ol and 
o2. These data sets do not possess angular momentum, but they do possess odd-
parity radiation, in contrast to the "Brill wave plus black hole spacetimes" discussed 
previously in Ref. (16] . Strictly speaking, they are odd-parity distorted Schwarzschild 
black holes, and not rotating holes. Nevertheless, the odd-parity distortions give 
rise to "rotation-like" features. We note that these black hole data sets also contain 
even-parity radiation, although of a much lower amplitude. 
The run labeled ol represents a spacetime with virtually only an R = 3 distor-
tion, as almost all the energy is radiated in that mode. Fig. 7. 7 shows the R = 3 
waveform extracted by the gauge-invariant waveform extraction method described in 
section 7.2.1 above. As one can see, it is almost impossible to distinguish the fit from 
the data. As we show in Table III , 99.96% of the total energy radiated is carried by 
the R = 3 mode. In Fig. 7.8 we show the f = 5 waveform extraction for the same run. 
It is interesting to note that even though it does not contribute significantly to the 
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Figure 7. 7: We plot the extraction of the f = 3 waveform from the odd-parity distorted 
non-rotating hole, run labeled ol. The dashed line shows the fit of this waveform to 
the two lowest f = 3 quasinormal modes. Practically all of the radiated energy is in 
this mode. 
energy, and the signal amplitude is nearly four orders of magnitude smaller than the 
f = 3 signal, the f = 5 signal is still easily fit to the proper mode. 
For run o 1 we extracted the f = 3 radiation mode from both f34> and F. Both 
extractions are plotted in Fig. 7.9. The solid line illustrates the extraction from the 
shift, the dotted line traces the value extracted from F. The waveform extracted from 
f3 4> was normalized so that it had the same lower bound as the waveform extracted 
from F. This shows that it is possible to perform the extraction from the shift, 
although we have only done so for this test. 
Next we consider the run labeled o2, which has a larger f = 5 signal. The f = 5 
extracted mode, shown in Fig. 7.10, matches the fit to the quasinormal modes quite 
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Figure 7.8: This figure shows the numerically extracted f = 5 waveform and its fit to 
the two lowest f = 5 quasinormal modes for the run labeled o 1. 
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Figure 7.9: In this figure we compare the f = 3 wave form extracted from the cf; shift 
(31> (dashed line) and from the metric variable F = 9B¢>/W4 (solid line), where W is the 
conformal factor . Although we generally use the extraction based on the 3-metric, this 
demonstrates that other techniques can be used. Note that the waveform extracted 
from the (31> was normalized to have the same lower bound as the shift extracted from 
F. 
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well, as in the previous case. (The f = 3 waveform, not shown here, matches its 
quasinormal mode fit with the same level of accuracy as in the previous case ol.) After 
measuring the f = 5 frequency from our extracted waveform via the Fourier transform 
technique discussed in section 7.2.2 above, we discovered that its quasinormal modes 
were not tabulated in the literature. We computed the real part of the frequency 
to be 1.00 ± .01. Subsequent calculations by Edward Leaver, based on black hole 
perturbation theory [42], yield the result 1.012 which agrees with our result to within 
1%. In Fig. 7.11 we compare the analytic f = 5 frequency with the Fourier transform 
(as implemented by the technique described above) of our data for the run labeled 
o2. A dotted line is placed on the graph to show where the peak should be for a pure 
f = 5 wave. The secondary peaks do not represent real frequencies, rather they are 
an artifact of the extraction process. 
Finally, we turn to a calculation of the energies and masses in the system. The 
mass of the apparent horizon for the run labeled ol is plotted in Fig. 7.12. The solid 
line shows the instantaneous mass of the horizon, defined by Eq.(7.5), and the long 
dashed line represents the total energy radiated away from the black hole during the 
evolution. All energies in this plot are normalized to the ADM mass, and therefore it 
can readily be seen that the sum of the final apparent horizon mass (as measured at 
t = 25M) and the energy emitted through radiation (as calculated by integrating the 
even- and odd-parity radiation functions for f = 2, 3, 4 and 5 for the entire time of 
the run) add up to the ADM mass. The very slight dip in the mass at around 30M 
becomes less noticeable with increasing resolution. 
After about t = 35M the peak developing in the radial metric function is not 
adequately resolved. As the horizon is located near this peak its area is not accu-
rately computed after this time. However, the simulation can be continued until 
about t = lOOM and accurate waveforms can be extracted throughout. Furthermore, 
the calculations of the shape of the horizon continue to be accurate throughout the 
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Figure 7.10: We show the extraction of the f = 5 waveform from an odd-parity 
distorted non-rotating hole, run labeled o2. It is clear that the fit (dashed line) 
agrees well with the numerically extracted function (solid line) . 
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Figure 7.11: This figure shows a Fourier transform of the data extracted from the 
run labeled o2. The dotted line shows real part of the f = 5 frequency, computed via 
black hole perturbation theory. 
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Figure 7.12: This figure shows the apparent horizon mass defined in the text, for the 
run labeled ol normalized by the ADM mass (solid line). After about t = 40M the 
area of the horizon slowly drifts up due to difficulties in resolving metric functions, 
causing an over-estimation of the horizon mass. (See text.) The short-dashed line is 
drawn at 1 representing the total mass of the spacetime. The gap between the short-
dashed and long-dashed lines is the amount of energy emitted through radiation. As 
one can see, the mass of the horizon and the energy of the radiation add up to the 
ADM mass. 
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evolution, even though the area becomes inaccurate. 
7.3.2 Kerr Black Holes 
Although a Kerr black hole is stationary and not dynamical it does provide a useful 
test case for evolution. Furthermore, as it is the "equilibrium" black hole about which 
all other black hole spacetimes considered in this thesis oscillate, it is useful to study 
its properties. 
Because there is no radiation in the system we do not expect the horizon to 
oscillate. In 6.3.3 we used Kerr as a test case to show that our code was able to 
evolve the Kerr spacetime accurately by computing its angular momentum during the 
evolution. Here we apply two of the near zone measurements developed in section 7.1 
for these spacetimes to show the numerical properties of these evolved black holes. 
In Fig. 7.13 we show the mass MAH of an ajm = .48 black hole (labeled k1) 
a:s a function of time for three different resolutions. The horizon mass should be 
strictly conserved and equal to the ADM mass for a stationary black hole. The high 
resolution (300 x 30) mass is plotted as a solid line, the medium resolution (150 x 24) 
mass is plotted as a dotted line, and the low resolution (75 x 12) mass is plotted as 
a dashed line. The mass is nearly constant until the large peaks discussed pr~viously 
develop and cannot be adequately resolved. By t = 40M, the error in the mass is still 
less than .1% at all but the lowest resolution and by t = 60M the error is still only 
.5%. Although the apparent horizon mass does not exactly equal the ADM mass, it 
is within the error expected given the level of angular resolution of the horizon. The 
jaggedness of the lower resolution lines is a numerical effect. A new bump occurs each 
time the interpolator in the horizon finder changes the set of grid zones it uses. It is 
only visible because of the small range of MAH / MADM which we are viewing. 
In Fig. 7.14 we show a similar graph for run k2, corresponding to a Kerr black hole 
with rotation parameter ajm = .68. Despite the higher rotation, all features noted for 
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Figure 7.13: This figure shows the apparent horizon mass for run kl (ajm = 0.48) at 
three resolutions. It is clear that the apparent horizon mass becomes more constant 
and agrees better with the ADM mass as resolution is increased. At all but the 
lowest resolution we have about 0.5% accuracy in the apparent horizon mass at the 
late times shown. 
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Figure 7.14: This figure shows the apparent horizon mass for run k2 (ajm = 0.68) at 
three resolutions. It is clear that the apparent horizon mass becomes more constant 
and agrees better with the ADM mass as resolution is increased. At all but the lowest 
resolution we have about 0.1% accuracy in the apparent horizon mass. 
run kl are preserved to a high degree. Because there is more angular variation in the 
metric there is slightly less agreement between MAH and MADM· However, the pure 
Kerr spacetimes do pose more numerical problems than the distorted spacetimes, as 
noted in 6.3.3. In run k2 the axis instability develops sooner at the highest resolution, 
and the results are unreliable after about t = 50M. 
7.3.3 Distorted Bowen and York 
In this section we discuss results for the six initial data sets labeled rO - rS. This 
represents a sequence of distorted black holes with increasing values of the rotation 
parameter, ajni, beginning with a nonrotating case, labeled rO. 
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The first case we discuss is run rO, which has the same construction as the "Brill 
wave plus Black Hole Spacetime" discussed in detail in Ref. (16]. This spacetime 
was evolved with an antisymmetric lapse across the black hole throat, so although 
the data set is in the same class as those evolved in Ref. [4], it has been evolved 
with a new code capable of handling rotating black holes, and with a different slicing 
condition. The same simulation was discussed in 6.3, where a comparison of metric 
functions was made to the evolution obtained with the code described in Ref (16]. 
In Fig. 7.15 and Fig. 7.16 we show the now familiar f = 2 and f = 4 waveforms 
extracted from the evolution, with a fit of the two lowest quasinormal modes in each 
case. The match is excellent. It is also important to note that no odd-parity radiation 
is present in this system and there are no f = 3 or f = 5 waveforms to show. ( It is 
important to point out that odd-parity does not mean odd-£, and even-parity does 
not mean even-f. It simply happens that with equatorial plane symmetry, which is 
present here, there are no odd-£, even parity modes, nor are there even-£, odd-parity 
modes.) The new dynamical variables used in this evolution remain exactly at zero 
when there is neither odd-parity distortion nor rotation. 
In Fig. 7.17 we show the mass of the apparent horizon for run rO, as defined 
in section 7.1.1 above. Note that initially it does not change, as the antisymmetric 
lapse freezes the evolution at the throat where the apparent horizon is found on the 
initial data set. Then at about time t = 10M, the horizon is found out at a larger 
radius and evolves slowly outward, its mass increases as more gravitational wave 
energy crosses the horizon surface into the hole. (This "jumping-out" of the horizon 
is a common property of all simulations we have performed with an anti-symmetric 
slicing condition as discussed in section 7.1.1 above.) After a time of about t =25M, 
there is a slow upward drift in the mass due to difficulties in resolving the peak in the 
radial metric function A that develops near the horizon [6] . By this time, nearly all 
of the in-going gravitational wave energy has entered the black hole, and we compute 
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Figure 7.15: This figure shows the numerically extracted .e = 2 waveform (solid line) 
and the least squares fit to the two lowest .e = 2 quasinormal mode for this distorted 
non-rotating black hole. This run was labeled rO. 
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Figure 7.16: This figure shows the numerically extracted f = 4 waveform and its fit 
to the two lowest f = 4 quasinormal modes for the run labeled rO. 
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II Case II M!;;l M l-3 I Ml-4 rad rad 
rO 94.0% 0.0% 6.0% 0.0% 8.37e-2 
r1 94.9% 2.0% 2.8% .3% 3.40e-2 
r2 94.8% 3.4% 1.5% .3% 1.84e-2 
r3 93.9% 5.2% .7% .2% 9.41e-3 
r4 92.1% 7.0% .6% .2% 8.30e-3 
r5 95.7% 4.1% .2% .02% 1.00e-3 
o1 .05% 99.9% .02% 0.0001% 1.06e-4 
o2 .06% 78.9% 0.00% 21.0% 2.88e-4 
k1 NjA NjA NjA N/A 4.62e-8 
k2 N/A NjA N/A N/A 2.00e-7 
Table 7.4: This table shows the total energy emitted as radiation divided by the ADM 
mass in the right-most column, and it shows the fraction of this energy emitted in 
the first four quasinormal modes of the black hole spacetime. 
the final mass of the hole to be MAH = .915MADM·uuWe also have computed the 
total energy radiated through the dominant .e = 2 mode, as shown in Table 7.4, and 
plot it in Fig. 7.17. Note that all the energy is accounted for to a high degree of 
accuracy. The total energy radiated by the black hole, as computed by integrating 
the Zerilli function, plus the final mass of the black hole, as determined by the mass 
of the apparent horizon, gives the total ADM mass of the spacetime, as one would 
expect. 
Next we turn to the run labeled rl. This calculation is similar to the previous 
run except that a noticeable amount of energy is now being radiated in the f. = 3 
quasinormal mode, as shown in Fig. 7.18. The value of ajm is extracted from Cn 
demonstrating that this technique is effective for small values of ajm, as shown in 
Fig. 7.19 (although a/ m = .35 is considered to be "small" in this study, the vast 
majority of black holes !n the real universe are probably smaller than this [45]). 
Both runs r2 and r3 were typical of many simulations. Each provides waveforms 
that fit equally as well as r4, each locks on to the appropriate limit slice, and in 
both cases the radiation energy plus the final apparent horizon mass add up to the 
ADM mass. We show the plots for the radiation in the f. = 2, 3, 4, and 5 modes 
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Figure 7.17: This figure shows the apparent horizon mass defined in the text, for 
the run labeled rO normalized by the ADM mass (solid line). The short-dashed line 
is drawn at 1 representing the total mass of the spacetime. The gap between the 
short-dashed and long-dashed lines is the quantity of radiation emitted. The mass of 
the horizon and the energy of the radiation add up to the ADM mass. 
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Figure 7.18: This figure shows the numerically extracted£= 3 waveform and its fit 
to the two lowest £ = 3 quasinormal modes for the run labeled r 1. 
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Figure 7.19: This figure shows Cr (the ratio of polar to equatorial circumference of 
the apparent horizon) as a solid line and an£= 2 quasinormal mode fit from run rl. 
The long and short dashed line is the offset from sphericity, determined by the fit, 
showing that the black hole is oscillating about a Kerr hole with rotation parameter 
ajm = .35. 
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Figure 7.20: This figure shows the numerically extracted f = 2 waveform and its fit 
to the two lowest f = 2 quasinormal modes for the run labeled r2. 
for run r2 in figures Figs. 7.20, 7.21, 7.22, and 7.23 respectively. In each case we fit 
the wave function to the fundamental and first harmonic mode for the appropriate 
value of£. The value of afm used in the frequency fits was derived from the value 
extracted from the apparent horizon, although it made very little difference whether 
the dependence of the QNM frequencies on the rotation parameter was accounted for. 
Except in the case of extreme rotations, the QNM frequencies depended only weakly 
on afm (42, 53]. In the case of the even parity radiation we include a constant offset 
in the fit to account for the non-sphericity of the spacetime. The fit is good in all 
cases. 
The calculation r4 is the second fastest rotator in this series. This rotation param-
eter ( afm = . 7) was attained by reducing the strength of the Brill wave rather than by 
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Figure 7.21: This figure shows the numerically extracted I! = 3 waveform and its fit 
to the two lowest I! = 3 quasinormal modes for the run labeled r2. 
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Figure 7.22: This figure shows the numerically extracted f = 4 waveform and its fit 
to the two lowest f = 4 quasinormal modes for the run labeled r2. 
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Figure 7.23: This figure shows the numerically extracted f = 5 waveform and its fit 
to the two lowest f = 5 quasinormal modes for the run labeled r2. 
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Figure 7.24: This figure shows the numerically extracted f = 2 waveform and its fit 
to the two lowest f = 2 quasinormal modes for the run labeled r4. 
increasing the value of the angular momentum, and it is thus a different construction 
from runs rO to r3. Large positive amplitude Brill waves make it difficult to create 
spacetimes with large values of ajm, as they increase the mass significantly. We show 
the plots for the radiation in the f = 2, 3, 4, and 5 modes for this run in Figs. 7.24, 
7.25, 7.26, and 7.27. In each case we fit the wave function to the fundamental and 
first harmonic mode for the appropriate value of f. Again, the fit is good in all cases. 
The run labeled r5 is a special case. No "Brill wave" distortion is present in the 
spacetime except the distortion necessary to make the hole conformally flat. Both 
the 3-metric and the extrinsic curvature are given by the simple solution of Bowen 
and York: HE= 3JW6 and HF = 0. Bowen and York black holes are tricky to evolve, 
because they are so close to the Kerr black hole, yet this is the only method by which 
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Figure 7.25: This figure shows the numerically extracted f = 3 waveform and it s fi t 
to the two lowest f = 3 quasinormal modes for the run labeled r4. 
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Figure 7.26: This figure shows the numerically extracted R. = 4 waveform and its fit 
to the two lowest R. = 4 quasinormal modes for the run labeled r4. 
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Figure 7.27: This figure shows the numerically extracted f.= 5 waveform and its fit 
to the two lowest e = 5 quasinormal modes for the run labeled r4. 
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we have obtained a hole that rotates so rapidly. The presence of a Brill wave both 
stabilizes the spacetime and reduces the rotation parameter. 
We note that in all these spacetimes, as the rotation is increased, an ever smaller 
fraction of the energy available as radiation is able to escape from the black hole. 
The dominant energy source in this problem is the imposed gravitational wave at 
TJ = 1.0. Because of our coordinate transformation a constant TJ value maps to an 
ever decreasing value of r as ajm approaches unity, and the width of the packet in 
the TJ direction is effectively decreasing as a/m is increased, therefore less energy is 
distributed in the region outside the horizon. 
We note that in all these spacetimes it is approximately true that Mrad+MAH.final 
is equal to MADM· The "final" apparent horizon mass is, however, really the mass 
as given around 30- 40M, since after that time large gradients in the radial metric 
variable A make it difficult to accurately obtain the horizon and bring about the 
well-known artificial inflation of the hole's mass at late times. 
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Chapter 8 
Event Horizons 
One of the most recent effects that we have studied in these spacetimes is the behavior 
of the event horizon. The definition of the event horizon is the boundary of the region 
formed by tracing the causal past of null geodesics (photons) originating from future 
null infinity. In other words, given a spacetime containing a distorted region and an 
infinite asymptotically fiat surrounding region, the horizon is the boundary of the 
region formed by tracing photon trajectories backward in time from arbitrary times 
and positions within the asymptotically fiat region. 
This black hole code has served, and will continue to serve, as a testbed for 
improving the event horizon methods, especially in the future when rotation and 
event horizons will be studied in 3D. As yet the event horizon methods have not 
discovered any particularly new physics in the rotating spacetimes. However the 
survey of highly distorted apparent horizons discussed in the first several chapters 
of this thesis was made, in part, with the intention of providing a roadmap of the 
spacetimes which will have the most distorted or most interesting event horizons. 
In the next sections we discuss the basics of the surface method and the results 
we have obtained with it in our spacetimes thus far. 
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8.1 The Surface Method 
The most obvious method for locating the event horizon is to apply the definition in 
reverse. One simply launches photons through the numerical data and watch to see 
if they escape from the outer grid edge. If they do escape, then they were launched 
from a position outside the event horizon. If they do not escape, they were launched 
from inside the horizon. 
The problems with this method are readily apparent: 
Photons near the horizon exponentially diverge from the horizon as was proved in 
Ref. (43). Thus, if one wants to trace the surface of the horizon it will be necessary to 
launch new sets of photons from many different spacetime slices in order to maintain 
a group of photons that are near the horizon. 
Photon paths may cross, or develop tangential components. A photon emitted near 
the event horizon may fail to escape to infinity because it does not have the right 
trajectory. Even if it begins on nearly the right trajectory, it may drift. This drifting 
may even result in photon paths clustering or cr_ossmg, making the surface more 
difficult to identify. 
The first of the above mentioned problems can be solved by saving the data from 
an evolution, and then tracing the photon trajectories backwards in time through the 
data. The result is that photons will exponentially converge to the horizon surface 
rather than diverge. 
The second set of problems may be obviated by following a null surface (rather 
than individual photons) backward through time. The surface is described by f(t, xi)= 
0 where f is a scalar function. Its evolution may be obtained by solving the equation 
(8.1) 
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for otf. This yields 
(8.2) 
The method is implemented by choosing the form 
f(t, r, B)= r- s (B, t) (8.3) 
for f and choosing a surface s( B) from which to start the backwards evolution. When 
this definition is inserted into Eq. (8.2) it will yield an equation for OtS. In Ref. [43] 
this method was shown to work with a number of spacetimes, but it is easy to see, 
for example, that it correctly identifies the horizon of the stationary Kerr black hole. 
It is clear that the choices= m + Jm2 - a2 readily solves Eq. (8.1), since grr is zero 
on the surface r = s in the Kerr metric. 
8.2 The generators of the surface 
The family of photons which remains in the event horizon are called the generators 
of the surface. Their trajectory through spacetime is described by a vector 
(8.4) 
where the scalar function w is chosen to have the value 
(8.5) 
thereby obtaining 
[J.L = dxJ.L = (1 giJ.L()J.LJ) . 
dt 'gtvovf (8.6) 
This vector may now be used to track individual photons within the surface, thereby 
obtaining the motion of the generators. 
In the next two sections of this chapter we look at some of the early results 
achieved by applying the event horizon methods to these rotating spacetimes. 
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8.3 Barber-Pole Twist 
Using these event horizon methods with the numerical code presented in this thesis the 
famous barber-pole twist ([46], p914) which was calculated for the Kerr spacetime has 
been obtained numerically for both the Kerr and the distorted rotating black holes . 
This result was first published in Ref. [7]. In Fig. 8.1 we see the evolution of the 
equatorial cross section of the event horizon as a function of time. The lines on the 
surface represent the motion of the generators. 
In Fig. 8.2 we see a different rotating black hole (a J = 15 Bowen and York 
spacetime) displayed in a different way. Here a flat-space embedding (see 7 .1.1) of 
the entire 2-surface of the horizon within a spacelike slice is plotted. 
8.4 Cosmic Screws 
In Fig. 8.3 we see a black hole with cosmic screw type distortions. As before a 
flat-space embedding of the entire 2-surface of the horizon within a spacelike slice 
at various times is plotted. Colors, again, depict the Gaussian curvature of the two 
surface. The balls depict the current position of generators on the surface. 
In non-rotating spacetimes with cosmic-screw type distortions, like the rotating 
spacetimes, the generators are observed to have a <jJ component to their motion. As 
the figures show, the generators oscillate in an anti-symmetric fashion across the 
equator resembling a "cosmic snake dance." 
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Figure 8.1: This figure illustrates the famous "barber-pole twist" motion of the gener-
ators in a rotating spacetime. The x- and y-axes contain the equatorial cross-section 
of the black hole, time is plotted on the z-axis. 
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Time 0.0 Time 
Time 24.4 Time 
Figure 8.2: These images are four frames from a movie of the black hole event horizon. 
Different colors represent values of the Gaussian curvature of the two surface. The 
balls depict the current position of a set of generators on the surface. The genera-
tors repeatedly travel around the horizon, which settles down to an oblate, partially 
embedded surface. 
137 
13.5 
38.2 
0.0 M 9. 5 M 
18.6 M 37.5 M 
Figure 8.3: These images are four frames from a movie of the black hole event horizon. 
Different colors represent values of the Gaussian curvature of the two surface. The 
balls depict the current position of a set of generators on the surface. The genera-
tors for an "S" shape pattern that oscillates and finally settles onto a single line of 
longitude. The final black hole is spherical and non-rotating. 
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Chapter 9 
Conclusions and Future Directions 
The study of rotating spacetimes presents a new level of complexity to the distorted 
black hole, and we have developed new initial data sets to evolve and a new code to 
evolve these spacetimes by building on previous work on non-rotating spacetimes [16]. 
Although the rotation requires the introduction of new metric and shift variables, and 
new sorts of initial data parameters, we have been able to bring many of the same 
numerical methods to bear on the problem that have been used before. 
Our new data sets that possess the isometry (t, ¢) -+ ( -t, -¢)on the initial slice. 
These data sets include the Schwarzschild, Kerr, the Bowen and York, but we extend 
these to a general class in which any of these three base types may be distorted by a 
gravity wave. The gravity wave may be placed either in the metric (a Brill wave) or 
the extrinsic curvature. When the gravity wave distortion is added to the extrinsic 
curvature, it adds an odd parity component to the data. Odd-parity distorted non-
rotating black holes may be of two types: Kerr equatorial symmetry, or cosmic screw 
equatorial symmetry. 
We presented a study of the initial data, and showed some of its important prop-
erties: Firstly, that there are limits on the possible magnitudes for the Brill wave 
amplitude if a data set which is consistent with asymptotic flatness is desired. Sec-
ondly, we gave a detailed analysis of the behavior of horizons on initial slices and 
studied the black hole configurations in which multiple trapped surfaces are found 
139 
within a single slice. Most importantly we have located the most distorted horizons 
in these families of spacetimes, identifying which will be the most interesting for event 
horizon studies. 
We have also presented the first evolutions of these data sets, and given a detailed 
description of the code, tests applied to it, and algorithms that were used to study 
the results obtained from it. The new code is able to reproduce results of Ref. [1, 
8, 16) for spherical and highly distorted non-rotating holes, including the behavior of 
both the metric functions and derived quantities. We have also shown the effect of 
rotation on the metric functions and how they behave differently for rotating black 
hole spacetimes. In addition to reproducing previous results, the code has also passed 
other tests, such as convergence tests and the conservation of angular momentum, and 
it confirms the theoretical predictions for the relation between the limit slice for a 
maximally sliced black hole and its rotation parameter. Moreover, it shows that these 
limit slices, calculated for the undistorted Kerr spacetime, are still reached with many 
highly distorted rotating spacetimes. 
We developed a series of tools to analyze these spacetimes, including even- and 
odd-parity waveform extraction and various techniques to study the apparent and 
event horizons of these spacetimes. We showed that measurements of the horizon can 
be used to determine the mass, angular momentum, and oscillation frequency of the 
black holes. Distorted rotating holes are shown to oscillate about their stationary 
"Kerr" equilibrium configurations. 
Studies of a new class of odd-parity distorted non-rotating black holes were also 
made, and the waveforms and horizons were analyzed in detail. In all cases the normal 
modes of the black holes were shown to be excited and dominate the wave forms, and 
the oscillations of their horizons. We also determined, for the first time, the f = 5 
quasinormal modes of a black hole by direct measurement of our numerically evolved 
spacetimes which were later verified by black hole perturbation theory techniques 
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by Leaver. Finally, we were able to determine the final mass of the black hole by 
measuring the horizon area and compared it to the total ADM mass of the spacetime. 
The difference between these measurements agreed with the total energy radiated to 
within a few percent, showing the high degree of accuracy we are able to obtain in 
these studies. 
There is more work to be done for which our code will be useful. We plan to 
discuss, in future papers, the evolution of highly distorted spacetimes and the space-
times with "cosmic-screw" type symmetry. Ultimately, this work will prepare for 
the the study the collision of rotating black holes and for various 3D studies. Some 
preparation has been done for this, I have written a MathTensor package for aiding 
in the generation of relativity codes, and used it to write subroutines that calculate 
Ricci tensor components and the Newman-Penrose quantities for the 3D code. The 
collision of two black holes was examined using one of my routines, and the output 
of the Newman-Penrose variable '1/;4 (See (30]) was found to be in good agreement 
with previous 2D results. The Newman-Penrose quantities may be of further future 
interest in both 2D and 3D codes as a method of calculating gravitational radiation. 
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Appendix A 
Proof that Angular Momentum 
does not Radiate in Axisymmetry 
Consider the momentum constraint equation: 
(A.l) 
To obtain the total momentum of a spacetime for a component of l, we will begin 
by contracting Eqn. A.l with the coordinate basis vector, vb, and volume integrating, 
this yields 
(A.2) 
We can integrate the RHS by parts to obtain 
If we apply the Gauss theorem we obtain 
We are almost to the end. Using the fact that [{ and 1 are symmetric we find 
and if we recognize that the surface integral above is really the ADM definition of the 
momentum (see Eqn. 1.6b) we discover 
Pava = 8~ f dSa (vb[{ab- [{ va) = j dV lvb+ l~7f j dV (I<ab- I< lab) (Vavb + \lbva). 
(A.6) 
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Thus, we find that the ADM momentum naturally divides into a "matter" piece and 
a "curvature" piece. Now, if Va is a killing vector then by definition \l aVb + \lbva = 0 
and the "curvature" piece is automatically zero. 
Therefore if a vacuum spacetime admits a killing vector that is used as a coordi-
nate then we will find that the "curvature" piece of the component of the momentum 
contracted with that coordinate vector does not depend on where the ADM surface 
integral is performed, preventing the quantity measured by this integral from propa-
gating. 
More intuitively, we expect the angular momentum to be carried along the z-axis 
by + and x gravitational wave modes that are 90 degrees out of phase, just as we 
would expect electromagnetic waves to carry angular momentum to be carries by 
two polarizations of the electromagnetic vector. In both the electromagnetic and 
the gravitational case, each of the two components of the field require the obvious ¢> 
dependence to transport angular momentum. 
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Appendix B 
Analytic Solutions 
It is possible to compute an analytic solution to the Brill wave spacetime, valid for 
small values of Q0 , the amplitude. In this sample calculation we will consider only 
the "standard" form which is q = qa sin2 e, with 'r/O = 0. This spacetime can be 
constructed by using the Schwarzschild zero order solution, W0 = 2cosh(ry/2), then 
the Hamiltonian constraint (to first order in Q0 ) may be written as 
( 8~- 1/4 +cot Boo+ a;) W1 = -~'lro(o~ + a;)q. (B.1) 
To simplify matters, we may split W 1 into its angle independent and angle dependent 
pieces, allowing us to solve for them separately: 
wl = u(ry) + v(ry) cos (20). (B.2) 
The resulting equations are 
v"-
2} v = Q0 exp ( -ry2/~2) cosh(ry/2) ( 1- :: + 2~2 ) (B.3) 
and 
u"- ~u = 2v + Q0 cosh(ry/2)exp ( -ry2/~2) (:2 - 2: 42 ). (B.4) 
If these equations are solved in order, and the boundary conditions 
(B.5) 
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and 
lim W = exp(7JI2), 
?)-tOO 
(B.6) 
are applied one obtains the solution for W to first order, 
where 
Ac ftQoCI Qo ( 2 2) 2 + 3 - 2exp -1] lei (1- cos (20)), (B.8) 
As 
ftQoei erf ( 1] I CI) (B.9) 
3 
Be ftQoei (1 + 3cos (20)) (-2- erf(7JICI- 3CII2) + 
erf(7JICI + 3CII2))exp (9CI214) 124, (B.10) 
and 
Bs VifQoCI (1 + 3 cos (20)) ( erf ( 7J I CI - 3CI 12) + 
erf ( 7J I CI + 3CI 12)) exp ( 9CI2 I 4) 124 (B.ll) 
From this expression we can immediately derive the ADM mass 
1 f 2-fiiei MADM = -- (o?J'lj;- 1/;12) df! = 2- Qo-- + ... 
27r 3 
(B.12) 
and the apparent horizon mass (which is located at the throat) is 
f 4 2 2-fiiei MAH = w e qdn = 2 - Qo-3- + ... (B.13) 
We can also calculate CpiCA for the throat. This obtains 
Qo ftQoei ( 2 ) CpiCA = 1 + -- exp 9CI 14 (1 - erf (3CI 12)) 
2 12 
(B.14) 
which can be approximated (for large CI) as 
(B.15) 
confirming the "main branch" effect for low amplitudes (i.e., that CpiCA is nearly 
independent of CI). 
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Gaussian Curvat~ for Case (la) 
Time(M) 
Figure C.l: Gaussian curvature of the apparent horizon is plotted as a function of 
polar angle () and coordinate time. As discussed in the text, the "box" pattern is 
typical for the predominantly f = 2 distortion. The period of the oscillation of 16.8M 
can be seen in the diagram. 
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Gaussian Currature for Case (I b) 
0 16 32 48 64 80 
Time (.M) 
Figure C.2: Gaussian curvature of the apparent horizon is plotted as a function of 
polar angle 0 and coordinate time. The characteristic "X" pattern is expected for an 
admixture of .e = 2 and .e = 4 modes , as shown in the text . 
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radial coordinate lines and we can easily compute the Gaussian curvature on such 
surfaces from the above expansion in terms of the functions G, K and the tensor 
spherical harmonics. If we assume the perturbation is a superposition of the various 
f modes, each oscillating at the appropriate quasi-normal frequency, we obtain the 
following expressions for the Gaussian curvature to lowest perturbative order: 
(C.2) 
and 
1 ( 27 f{ . ) 
Ki=4 = R2 2 + 64fo (9 + 20 cos 2() + 35 cos 4fJ) e-twt , (C.3) 
These expressions generate the characteristic "box" pattern for a pure f 2 per-
turbation and the "X" pattern for an admixture of f = 2 and f = 4 perturba-
tions, as expected. From the f = 2 pattern, there is a line of constant curvature at 
() = 0.5 cos-1 ( -1/3) rv 1r /3, which is observed as noted above. Thus, these diagrams 
are very useful in identifying the various oscillation modes present in the horizon, as 
different modes have qualitatively different patterns. 
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